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Abstract. This paper is devoted to semi-classical aspects of symplectic reduc- 
tion. Consider a compact prcquantizablc Kahlcr manifold M with a Hamilton- 
ian torus action. In the seminal paper 1131 . Guillcmin and Sternberg introduced 
an isomorphism between the invariant part of the quantum space associated 
to M and the quantum space associated to the symplectic quotient of M, pro- 
vided this quotient is non-singular. We prove that this isomorphism is a Fourier 
integral operator and that the Toeplitz operators of M descend to Toeplitz op- 
erators of the reduced phase space. We also extend these results to the case 
where the symplectic quotient is an orbifold and estimate the spectral density 
of a reduced Toeplitz operator, a result related to the Riemann-Roch-Kawasaki 
theorem. 



1. Introduction 

Consider a symplectic manifold (M,ui) with a Hamiltonian action of a d-dimen- 
sional torus T d . Let /i be a momentum map. Following Marsden-Wcinstein ^Bj, if 
A is a regular value of the reduced space 

M r := /i -1 (A)/T d 

is naturally endowed with a symplectic form u) r . The quantum analogue of this 
reduction has been the subject of important studies, starting from the paper 
of Guillemin and Sternberg, and has led to many versions of the "quantization 
commutes with reduction" theorem. In most of these articles, the quantization is 
defined as a Riemann-Roch number or the index of a spin-c Dirac operator which 
represents the dimension of a virtual quantum space, cf. the review article |2H| . 
The relationships between deformation quantization and symplectic reduction have 
also been considered 

This paper is devoted to the quantum aspects of symplectic reduction in the 
semi-classical setting. Here the quantization consists of a Hilbert space with a 
semi-classical algebra of operators. More precisely, we assume that M is compact, 
Kahler and endowed with a prequantization bundle L — > M, i.e. a Hermitian line 
bundle with a connection of curvature —iuj. For every positive integer k, let us 
define the quantum space Hk as the space of holomorphic sections of L k . The 
semi-classical limit is k — ► oo and the operators we will consider are the Toeplitz 
operators, introduced by Berezin in The application of microlocal techniques in 
this context started with Boutet de Monvel and Guillcmin 0]. This point of view 
made it possible to extend many results known for the pseudodiffcrcntial operators 
with small parameter to the Toeplitz operators, as for instance, the trace formula 
P] and the Bohr-Sommerfeld conditions 0- 
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Assume that the torus action preserves the complex structure of M. Then fol- 
lowing Kostant and Souriau we can associate to the components (/xi, of the 
moment map [i some commuting operators Mi, M<j : TLk — > Ti k . Suppose that 
A = (Ai, Xd) is a joint eigenvalue of these operators when k = 1 and that the 
torus action on /it -1 (A) is free. The following theorem is a slight reformulation of 
the main result of Guillcmin and Sternberg. 

Theorem 1.1 (^3)- M r inherits a natural Kdhler structure and a prequantization 
bundle L r , which defines quantum spaces TL r , k - Furthermore, for any k, there exists 
a natural vector space isomorphism Vfc from 

n Kk := nti Ker(M 4 -Ai) 

onto Ti. r ,k- 

The various quantum spaces have natural scalar products induced by the Hcr- 
mitian structure of the prequantization bundles and the Liouvillc measures, but 
unfortunately the isomorphism Vfc is not necessarily unitary. So we will use 

U fe := V k (V* k V k )-^ : H x , k -» H r , k 

instead. Our first result relates the Toeplitz operators of M with the Tocplitz 
operators of M r . 

Theorem 1.2. Let (Tfc : TLk 7~(-k)keN* be a Toeplitz operator of M which com- 
mutes with Mi, ...,Md, and with principal symbol f G C°°(M). Then 

(Ufc Tfc \J* k : H r ,k — > ~Hr,k)k 

is a Toeplitz operator of M r . Furthermore, f is T d -invariant and the principal 
symbol f r of (Vk Tfc Ufc) is such that p* f r = j* f , where p and j are respectively the 
projection /x _1 (A) — > M r and the embedding /i _1 (A) — > M. 

When the torus action on (A) is not free but locally free, the reduced space M r 
is not a manifold, but an orbifold. These spaces with finite quotient singularities 
were first introduced by Satake in [22]. Many results or notions of differential 
geometry have been generalized to orbifolds: index theorem ^7j, fundamental group 
|24j . string theory [23 . Not surprisingly, theorems 11.11 and II . 21 are still valid in this 
case. Motivated by this, we prove the basic properties of the Toeplitz operators 
on the orbifold M r : description of their Schwartz kernel and the symbolic calculus. 
Our second main result is the estimate of the spectral density of a Toeplitz operator 
on the orbifold M r . This simple result in the manifold case involves here oscillatory 
contribution of the inertia orbifolds or twisted sectors associated to M r and is related 
to the Kawasaki- Riemann-Roch theorem ^Jj, cf. theorems 12.31 and 16.91 for precise 
statements. 

With a view towards application, we also consider the simple case where M is C™ 
with a linear circle action whose momentum map is a proper harmonic oscillator. 
The quantum data associated with C™ are defined by the Bargmann representation 
and the reduced space is a twisted projective space. Actually, this is nearly a 
particular case of the previous setting, except that C™ is not compact. As a corollary 
of theorem 11.21 the spectral analysis of an operator commuting with the quantum 
harmonic oscillator is reduced to that of a Tocplitz operator on a projective space. In 
collaboration with San Vu Ngoc, we plan to apply this to the semi-excited spectrum 
of a Schrodingcr operator with a non-dcgcncratc potential well. 

We also prove that the isomorphism Vfc of thcorcm ll.il and its unitarization Ufc 
are Fourier integral operators. Thus we can interpret theorem 1 1.2 1 as a composition 
of Fourier integral operators with underlying compositions of canonical relations. 
Actually our proof of theorem 11.21 is elementary in the sense that it relies on the 
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geometric properties of the isomorphism and doesn't use the usual tools of 
microlocal analysis. But with the more general point of view of Fourier integral op- 
erators, we hope that we can extend the "quantization commutes with reduction" 
theorems by using microlocal techniques. For instance, theorems II . II and 11.21 should 
hold with general Toeplitz operators Mj whose joint principal symbol define a mo- 
mentum map without assuming that the action preserves the complex structure. 
Also the Kahlcr structure is certainly not necessary. This microlocal approach is 
also related to another paper of Guillemin and Sternberg ^1] (cf. sections 14.31 and 
15.31 for a comparison with our results). 

The organization of the paper is as follows. SectionElcontains detailed statements 
of our main results for the harmonic oscillator on C™ . In section [21 we introduce 
our set-up in the compact Kahler case and recall the results of |13| proving that the 
reduced quantum space is isomorphic to the joint eigenspace. Section0]contains the 
statements and proofs of our main results for the reduction of Toeplitz operators. 
In sectional we interpret these results as compositions of Fourier integral operators. 
Sections HO and [7| are devoted to the Toeplitz operators on Kahler orbifolds. 

Acknowledgment. I would like to thank Sandro Graffi for his encouragement 
and Alejandro Uribe for introducing me to the quantization of symplcctic reduction 
a few years ago. 

2. Statement of the results for the harmonic oscillator 

Assume C™ is endowed with the usual symplectic 2-form uj = i(dz\ A dz\ + ... + 
dz n A dz n ). Let H be the harmonic oscillator 

i/:=Pi|z 1 | 2 + ...+p„|2„| 2 

where pi, ...,p„ are positive relatively prime integers. Consider the scalar product 

(1) (*,*')c»=/ e"' l " 1 l"l a *(z).* / («)J^ 

where $ , are functions on C™ and \z\ 2 = \zi\ 2 + ... + \z n \ 2 . The Bargmann space 
H is the Hilbert space of holomorphic functions $ on C" such that (^, \&)o» < oo. 
The quantum harmonic oscillator is the unbounded operator of TL 

(2) H := h(pizid Zl + ... + p n z n d Zn ) 
with domain the space of polynomials on C™. 

2.1. Symplectic reduction. The Hamiltonian flow of H induces an action of S 1 
on the level set P := {H = 1} 

S 1 x P^P, e,z^l e .z={ Zl e ie »\...,z n e ie ^) if z = (z lt z n ). 

Define the reduced space M r as the quotient P/S 1 . If pi = ... = p n = 1, the action 
is free, M r is a manifold and the projection P — > M r is the Hopf fibration. When 
the pi arc not all equal to 1, the action is not free, but locally free. Hence M r 
is not a manifold, but an orbifold. In any cases, M r is naturally endowed with a 
symplectic 2-form u r . 

We may also define a complex structure on the space M r by viewing it as a 
complex quotient. Consider the holomorphic action of C* 

(3) C'xC^C", u,(z 1 ,...,z n )^(z 1 u pl ,...,z n u t ' n ) 

Each C*-orbit of C" — {0} intersects P in a 5 1 -orbit, which identifies M r with 
C" — {0}/C*. This quotient is called a twisted projective space, the standard 
projective space is obtained when pi = ... = p n = 1. The complex structure is 
compatible with the symplcctic form u r . So M r is a Kahlcr orbifold. 
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2.2. Quantum Reduction. H has a discrete spectrum given by 

Sp(H) = {h(p ia (l) + ... + p„a(n)); a 6 N"} 

Hence 1 is an eigenvalue only if H is of the form with fc a positive integer. Since 
we will only consider the eigenvalue 1, we assume from now on that 

h = l/k with k e N* 

and use the large parameter k instead of the small parameter H. We denote by 
TLk and the Bargmann space and the quantum harmonic oscillator. The vector 
space 

Hi, k := Kcr(H fc -1) 

is generated by the monomials z a such that p\a(l) + ... + p n a(n) = k. So a state 
VP G TLk belongs to TL\,k if and only if it is invariant in the sense that 

#0iu pl ,...,z„u p ") = u k ^(z 1 ,...,z n ). 

Hence there is a holomorphic line orbi-bundle L r — > M r such that TLi t k identifies 
with the space TL r ,k of holomorphic sections of L k . L r has a natural Hcrmitian 
structure and connection of curvature — iu) r , which turns it into a prcquantization 
orbi-bundle (cf. section[3J). We denote by Vk the isomorphism from TLx t k to TL r ,k 

2.3. Reduction of the operators. On the Bargmann space a usual way to de- 
fine operators is the Wick or Toeplitz quantization. Denote by the orthogonal 
projector of L 2 (C™, e fc I ^ I \dz.dz\) onto TLk- To every function / of C™ we associate 
the operator Op(/) of TLk defined by 

Op(/):tf->II fc (/.*) 

More generally, we consider multiplicators / which depend on k. Define the class 
5(C") of symbols /(., k) which are sequences of C°°(C") satisfying 

• there exists C > and N such that \f(z, k)\ < C(l + \z\) N , Vz e C", Vfc. 

• /(., k) admits an asymptotic expansion of the form 

E£o*"7j + o(fc-°°) 

with /o,/i, •■ S C°°(C ra ) for the C°° topology on a neighborhood of P. 

For such a symbol, we consider Op(/(., k)) as an unbounded operator of TLk with 
domain polynomials on C". Its principal symbol is the function /o. If f(-,k) is 
invariant with respect to the Hamiltonian flow of H, then Op(/(.,fc)) sends TLi : k 
into itself. 

Remark 2.1. The class of Toeplitz operators with symbol in S(C n ) contains the 
algebra of differential operators generated by \d Zi and 2j. Indeed, let 

/(., fc) = P + k~ 1 P 1 + ... + k~ M P M 

where Pq(z, z), .., Pm(z, z) are polynomials of C[z, z\. Then Op(/(., k)) is the oper- 
ator 

P (ld z , z) + k- l P x {\d z , z) + ... + k- M P M {\d z ,z). 

Its principal symbol is Pq. If the P, are linear combinations of the monomials z a z@ 
such that (p,a — (3) =0, then /(.,fc) Poisson commutes with H and Op(/(.,fc)) 
preserves the eigenspaces of the quantum harmonic oscillator. □ 

Let Ufc be the unitary map Vfc(V£ Vfe) - ^ : TLi.k — > TL r .k, that we extend to TLk in 
such a way that it vanishes on the orthogonal space to TLi^- The reduced operator 
of Op(/(., k)) is the operator 

U fc Op(/(.,fe))U* :n r .k ^TL r ,k 

Our main result says it is a Toeplitz operator. 
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Theorem 2.2. Let /(.,fc) be a symbol of S(C n ). Then there exists a sequence 
g(.,k) ofC°°(M r ), which admits an asymptotic expansion of the form ^2^i k~ l gi + 
0(k~°°) for the C°° topology, such that 

U fe Op(/(., fc)) V* k = IL,, fe g(., k) + o(k-°°) 

where II r & is the orthogonal projector onto TL r _ k and the 0(k~°°) is for the uniform 
norm. Furthermore, the principal symbol g of the reduced operator is given by 

g (p(x)) = f Mlg.x) Jgl, V.T G P 

where p is the projection P — > M r and fo is the principal symbol of Op(/(., fc)). 

2.4. Spectral density. Consider a self-adjoint Toeplitz operator (Tfc)fc of M r , 

T k = U rtk g{.,k) + 0(k-°°) :H rtk ^H r , k 

where g(.,k) is a a sequence of C°°(M r ,M) with an asymptotic expansion of the 
form YmZo k~ l 9i + 0(k~°°) in the C°° topology. Let d k be the dimension of 7{ r>k 
and 

Ai(fc) < A 2 (fc) < ... < A dfc (fc) 
be the eigenvalues of T k counted with multiplicity. 

Let / G C°°(R). The estimate of YhL x /(Ai(fc)) as fc — > oo is a standard semi- 
classical result when M r is a manifold. In the orbifold case, this result involves the 
singular locus of M r . Denote by G the set of £ = e %B such that 

P c := {z G P; Ig.z = z} 

is not empty. A straightforward computation leads to 

G = {CgC*; C p ' =1 for some i} 

and 

P ( = C c n P with C c = {z G C"; Zi = if C Pl + 1}. 
The Hamiltonian flow of H preserves Pq. Let be the quotient of Pq by the 
induced ^-action. It is a twisted projective space which embeds into M r as a 
symplcctic suborbifold. Denote by n(Q its complex dimension. Finally, let m(£) 
be the greatest common divisor of {pf, £ pi = 1}. 

Theorem 2.3. For every function f G C°°(R), 

E /(A. t (fc)) = e (f ) "V E * -, 4(c) + oc*- 00 ) 

i=l CGG i=0 

TTie leading coefficients are given by 

where Sm ( is the Liouville measure of Mq . 

Observe that Mi = M r . The other are of positive codimension and are the 
closures of the singular stratas of M r . Hence at first order, the formula is the same 
as in the manifold case 

E /( A *) = (^) J M f(9o)Su r + 0(fc- 2 ) 

Furthermore applying this result with / = 1, we obtain an estimate of the dimension 
of 7i k . When fc is sufficiently large, this dimension is also given by the Ricmann- 
Roch-Kawasaki theorem and both results are in agreement (cf. rcmark lb.llfl . 
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3. The Guillemin-Sternberg isomorphism 

Let M be a compact connected Kahler manifold. Denote by u £ £l 2 (M, M) the 
fundamental two-form. Assume that M is endowed with a prequantization bundle 
L — > M, that is L is a Hermitian line bundle with a connection of curvature — iuj. 
(M, u) is a symplectic manifold and represents the classical phase space. For every 
positive integer k define the quantum space TLu as the space of holomorphic sections 
of L k -> M. 

Assume that M is endowed with an effective Hamiltonian torus action 

(4) T d x M -> ill, 6,x^l 9 .x 

which preserves the complex structure. Let be the Lie algebra of T d . If £ £ t f /, 
we denote by £ # the associated vector field of M. Let 

/i : M — > 

be the moment map, so w(£#, .) + £) = 0. 

Following Kostant and Souriau, for every £ £ td and every positive integer k we 
define the operator Mf,fc: 

M 5 , fc := (M,£) + ^V e # :U k ^U k . 

It has to be considered as the quantization of the classical observable (/x, £) £ 
C°°{M). Since the Poisson bracket of (//,£) and (^,£'} vanishes, one proves that 
& commutes with Mj/ The jomi spectrum of the fc is the set of covectors 
A £ t d such that 

H A ,fc := M e , fc * = (A, £>*, V £ £ td} 

is not reduced to (0). 

The joint eigenvalues are related to the values of \i in the following way. First, 
recall the convexity theorem of Atiyah [P and Guillemin-Sternberg ^21 : the image 
under fi of the fixed point set of M is a finite set 

{vi, 

and (Jt(M) is the convex hull of this set. 

Theorem 3.1. Let v be a value of fx at some fixed point. Let (A, k) £ t* d x N*. 
Then A belongs to the joint spectrum of the fc only if 

(5) A £ n{M) n(v+ ^-K) 
where K is the integer lattice of t* d . 

The condition J5J) doesn't depend on the choice of v. since (M, ui) is endowed 
with a prequantization bundle, it is known that for every i,j 

(6) Vi - Vj £ 2irK. 

That A £ n(M) is necessary has been proved by Guillemin and Sternberg (cf. 
theorem 5.3 of The second condition, A £ v + 2irk~ 1 K , is an exact Bohr-Som- 

mcrfcld condition, which follows from the theory of Kostant and Souriau. 

Example 3.2. Let M be the projective space CP 3 with u> the Fubiny-Study form 

uj = -idB(\ Zl \ 2 + ... + \z 4 \ 2 ), [zi, z4 £ CP 3 

and L the tautological bundle. Consider the torus action 

faj, [zi, z&\ — ► [z\e y ,z 2 e ,z 3 e , Z4J 

with momentum map \x = f^rd^il 2 + 3|z 2 | 2 , zi| 2 + 3|z 3 | 2 ). The points on the figure 
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are the A satisfying condition (JSJ with k = 4 on the left and k = 2 on the right. 
The lines are the critical values of [i. □ 

Let (A, k) G t* ; x N*. Assume that (A, k) satisfies condition JSJ and that A is 
a regular value of fi. Denote by P the level set /i _1 (A). It is known that P is 
connected ( J2]> DO)- The torus action restricts to a locally free action on P. So the 
quotient M r of P is a compact connected orbifold. It is naturally endowed with a 
symplcctic form u> r . 

Theorem 3.3 (Guillemin-Stcrnberg |13j). M r inherits by reduction a Kdhler struc- 
ture with fundamental 2- form uj r and a prequantization orbi-bundle — > M r with 
curvature —ikuj r . Furthermore, there exists a natural isomorphism of vector space 

Vfc : Hx^k — > ~hir,k 
where TL Tt k is the space of holomorphic sections of ijf. 

Now consider a fixed regular value A of /x such that the set of integers k satisfying 
condition JSJ is not empty. Then there exists a positive integer k such that (A, k) 
satisfies (J5J) if and only if k is a positive multiple of n. Furthermore the Kahlcr 
structure of M r doesn't depend on k and for every such k, 

If M r is a manifold, it follows from Kodaira vanishing theorem and Riemann-Roch 
theorem that 

/ k \ nr 

(7) dimW r>fc = (-) Vol(M r ) +0(fc n "- 1 ) 

as k goes to infinity, where Vol(M r ) is the symplectic volume of M r and n r its 
dimension. This gives a partial converse to theorem 13. II if k is a sufficiently large 
positive multiple of k, the eigenspace H\ t k is not reduced to (0), so A belongs to 
the joint spectrum of the M^.u. 

If M r is an orbifold, the same result holds and follows from Riemann-Roch- 
Kawasaki theorem Indeed, we assumed that the torus action is effective. This 
implies that its restriction to P is also effective. So M r is a reduced orbifold or 
equivalently its principal stratum has multiplicity one. This explains why formula 
remains unchanged, without a sum of oscillatory terms. 

All the semi-classical results we prove in this paper are in this regime, 

A is fixed and k — ► oo running through the set of positive multiples of k. 

In the remainder of this section, we recall the main steps of the proof of the 
Guillcmin-Sternberg theorem. We follow the presentation given by Duistcrmaat in 
jS] , that is we consider separately the reduction of the symplectic and prequantum 
data and the reduction of the complex structure. We explain in remarks how the 
same constructions apply to the harmonic oscillator. 



8 



L. CHARLES 



Remark 3.4. (harmonic oscillator). The Bargmann space can be viewed as a space 
of holomorphic sections of a prequantization bundle over C ra . Let L := C™ x C be 
the trivial bundle over C™. We identify the sections of L k with the functions on C n . 
Introduce a connection and a Hermitian structure on L k by setting 

V* = rf* - fc*(zidzi + ... + z n dz n ), (*,*)(*) = e" fe|z|2 |*(z)| 2 . 

In this way L k becomes a prequantization bundle with curvature —iku>. The scalar 
product defined in Q is 

(*,*)c» = / 

So the Bargmann space Tit is the Hilbert space of holomorphic sections ^> of L k 
such that ("J, v I / )c« is finite. Furthermore it is easily checked that the quantum 
harmonic oscillator H& defined in (0) is given by 

where Xjj is the Hamiltonian vector field of H . □ 

3.1. Reduction of the symplectic and prequantum data. We first lift the 
torus action (@J. If z £ L k and £ £ td, we denote by 7^.z the parallel transport of 
2 along the path 

[0, 1] -> M, s -> 2 e xp( S £)-a; 
If ^ is the value of \x at some fixed point and £ belong to the integer lattice of td, 

e^-^T^.z = z, for every z £ i fe . 

Indeed, this is obviously true if z £ L k where x is a fixed point and n(x) = v. By 
proposition 15.3 of ^Uj, the result follows for every z. 

Consider now (A, k) £ t d x N* which satisfies condition |JjjJ. Then the action of 
T d on M lifts to L k 

T d x L k -» L fc , (0, z) -> C e .z := e lk{x -^Tc.z 

with £ £ td such that exp£ = 9. One can check the following facts: for every 8, 
Cg is an automorphism of the prequantization bundle L k , it preserves the com- 
plex structure. Furthermore, the obtained representation of T d on Tik induces the 
representation of the Lie algebra given by the operators 

V c # +ik(fi- A,£) = ik(M^ k - (A,£», € S td- 

Hence the joint eigenspace Ti\,k is the space of invariant holomorphic sections 

Hx, k = {* £ H k \ = V £ T d }. 

Denote by j : P — > M and p : P ^ M r the natural embedding and projection. 
Recall that the reduced symplectic 2-form w r is defined by p*uj r = Let be 
the quotient of j*L k by the torus action. This is an Hermitian orbi-bundle over M r 
and p*L k is naturally isomorphic with j*L k . Furthermore L k admits a connection 
V such that 

p*\7 = j*V. 

Its curvature is —ikui r . So is a prequantization orbi-bundle. Since the sections 
of 7iA,fc are invariant, their restrictions to P descend to M r , 

(8) H x ,k -> C co (M r , L k ), * -> <F r such that p*# r = j* 

This is the first definition of the Guillemin- Sternberg isomorphism. In the case the 
action is not free and M r is an orbifold, more details will be given in remark [3.81 
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Remark 3.5. (harmonic oscillator). As in section|21 we only consider the eigenvalue 
A = 1. The lift of the S^-action is explicitly given by 

S 1 x (C* x C) -> C" x C, 0, {z u z n , v) -► (e ipl8 zi, e ip " e z n , e lk9 v). 

Tii^k consists of the invariant holomorphic sections of L k . If "L is such a section, 
one can check by direct computations that (\&, \&) and are invariant and that 
Vx H vanishes over the level set P := {H = 1} . So the quotient L k of L k \p by S 1 
inherits a structure of prequantization bundle with curvature —ikuj r . □ 

3.2. Complex reduction. Let be the complex Lie group T d © itd with Lie 
algebra td © itd- We consider T d as a subgroup of Tg. Since the torus action 
preserves the complex structure of M, it can be extended in a unique way to a 
holomorphic action of 

(T d © it d ) x M -> M, (6* + it), a; -> Z e+lt .:c 

To do this, for every £ £ td, we define the infinitesimal generator of i£ as J£*, where 
J is the complex structure of M. Since M is compact, we can integrate Jtf ■ Then 
one can check that this defines a holomorphic action. 

In a similar way, the action on L k extends to a holomorphic action 

(T d © ltd) x L k -> L fe , (0 + it), z -» £ e+Jt .z 

where Ce+u is an automorphism of complex bundle which lifts This gives a 

representation of on Tik ■ The induced representation of the Lie algebra td © itd 
is given by the operators 

(9) V ? # +Jl ,# + ik(ji — A,£ + iff), t + iijEtd® it d . 

Furthermore Ti\,k is the space of T^-invariant holomorphic sections. 

Remark 3.6. (harmonic oscillator). The holomorphic action of C* was given in 
©. It lifts to 

C* x (C" x C) -> C n x C, u, (z u ...,Zn,v) -> (u pl zi,...,u ,, "z„,u' £ w). 
The invariant sections of TLk are obviously the sections of 7Yi,fc Q 

Let Pc be the saturated set T C .P of P. It is an open set of M. The next step is 
to consider the quotient of Pc by Tg. This have to be done carefully because the 
Tp-action on Pc is not proper. Actually, the map 

(10) t d xP^P c , t,y^l it .y 

is a diffeomorphism. So every T c -orbit of Pc intersects P in a T d -orbit and the 
injection P — > Pc induces a bijection from M r onto Pc/T^. Furthermore every 
slice U C P for the "Fraction on P is a slice for the T c -action. Viewed as a quo- 
tient by a holomorphic action, the orbifold M r inherits a complex structure. This 
complex structure is compatible with tu r . 

Similarly, the bundle L k may be considered as the quotient of L k \p c by the com- 
plex action and inherits a holomorphic structure. This is the unique holomorphic 
structure compatible with the connection and the Hcrmitian product. Denote by 
pc the projection Pc — > M r and observe that p c L k is naturally isomorphic with 
L k \ Pc - 

The interest of viewing L k and M r as complex quotients is that there is a natural 
identification of the T^-invariant holomorphic sections \& of L k — ► Pc with the 
holomorphic sections *ff r of L k — > M r , given by p£\I/ r = ^- So the map (JBJ takes 
its values in the space H r ,k of holomorphic sections of L k . 
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Definition 3.7. Vft : Ti.\^k ~ * T^-r.k is the map which sends VP into i/ie section ^> T 
such that 



p c 'I , r = (^~7"J ^l-Pc or equivalently p*^ r — y~r~ j 3 

The rescaling by (2ir/k)i is such that and its inverse are bounded indepen- 
dently of k (cf. proposition 14. 22|) . 

Remark 3.8. (Orbifold). Let us detail the previous constructions when the Tr- 
action is not free. For the basic definitions of the theory of orbifolds, our references 
are the section 14.1 of ^U] ana - the appendix of [5]. 

As topological spaces, M r and L k are the quotients P/T d and j*L k /T d . M r is 
naturally endowed with a collection of orbifold charts in the following way. Let 
x G P, G C T d be its isotropy subgroup and U C P be a slice at x for the 
T d -action. Denote by ttu the projection U — > M r and by \U\ C M r its image. 
Then (\U\,U,G,ttu) is an orbifold chart of M r , i.e. \U\ is an open set of M r , U 
a manifold. G a finite group which acts on U by diffcomorphisms and ttu factors 
through a homcomorphism U/G — > |C/|. These charts cover M r and satisfy some 
compatibility conditions, which defines the orbifold structure of M r . 

For every such chart, the bundle L k restricts to a G-bundle 

L k r ,u - U. 

These bundles are orbifold charts of the orbi- bundle L k — > M r . A section of L k is a 
continuous section of L k — > M r which lifts to a G-invariant C°° section of L k u for 
every U. Since every T d -invariant section of L k restricts to a G-invariant section 
of L^jj, the map JSJ is well-defined. Continuing in this way, we can introduce 
the Kahler structure of M r , the Hcrmitian and holomorphic structures of L k , its 
connection and verify that we obtain a well-defined map Vk as in definition 13. 71 

It is also useful to consider P and Pc as orbifolds and the projections p : P — ► M r 
and pc ■ Pc ^ M r as orbifold maps. For instance, let (\U\,U,G,irjj) be a chart 
defined as above. Let 

V :=T d xt d xU, \V\:=Tt.U 
and 7Ty be the map V — ► |V| which sends (8,t,u) into lg+n.u. Let G acts on V by 

Gxy^y, ff ,(e,t,u)-(fl- flj t,i ff .«) 

Then (| V|, V, G, iry) is an orbifold chart of P c . Furthermore acts on V = Tg x J7 

r c - 

V — > £/ locally lifts pc : 



by left multiplication, this action lifts the T c -action on \V\, and the projection 



(11) 



V > U 



TVy 



\v\ > \u\ 

Now, instead of viewing U as a submanifold of P, we consider it as the quotient of 
V by Tp. To define the various structure on [/, we can lift everything from \V\ to V 
and we perform the reduction from V to U. Since the T^-action on V is free, we are 
reduced to the manifold case. Furthermore since V — ► |V| is a G-principal bundle 
and V —> U is G-equi variant, we obtain G-invariant structures. We can apply the 
same method with the map p : P — > M r . □ 

Remark 3.9. (proof of theorem 13. 3|) . Since Pc is open, Vfe is injective. That 
Vfe is surjective is more difficult to prove. It consists to show that every invariant 
holomorphic section of L k — ► Pc extends to an invariant holomorphic section over 
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M. Let us precise that the proof of Guillemin and Sternberg extends to the orbifold 
case without modification. The only technical point is to show that there exists a 
non-vanishing section in "H\ y k, when k is sufficiently large (theorem 5.6 of |13)L 
This will be proved in section f7"2l cf. remark 1731 □ 

Remark 3.10. (harmonic oscillator). The definition of Vfc : Hi,k — * T~tr,k is the 
same. It is easily checked that this map is onto: every holomorphic section of L k 
lifts to a holomorphic section '5 of L k over C™ — {0} satisfying 

(12) *(u Pl zi,..., U p "z„) = u fc *(zi,...,z n ). 

Since it is bounded on a neighborhood of the origin, it extends on C". Writing 
its Taylor expansion at the origin, we deduce from (|12|) that ^> is polynomial and 
belongs to Hi y k- □ 



4. Reduction of Toeplitz operators 

4.1. Toeplitz operators. Let us denote by L 2 (M, L k ) the space of L 2 sections of 
L k . We define the scalar product of sections of L k as 

(%V) M = f 5 M (x) 
Jm 

where (^, *f>') is the punctual scalar product and 5m is the Liouvillc measure 
^j|w A ™|. Let Life be the orthogonal projector of L 2 (M,L k ) onto TLk- 

Given / 6 C°°(M), we denote by Mf the operator of L 2 (M, L k ) sending \1> into 
f^>. The set of symbols S(M) consists of the sequences (/(., k))k of C°°(M) which 
admit an asymptotic expansion of the form 

oo 

(13) f(.,k)=Y / k- l fi+0(k- oo ) : with/ ,/i,..ec7 oo (A/), 

2=0 

for the C°° topology. 

A Toeplitz operator is a family (Tk)k of the form 

(14) T fc = n fe M /( . ifc) n fc + R fe 

where (/(., k)) £ S(M) and R& is an operator of L 2 (M, L k ) satisfying 11^ R^ life = 
Rfe and whose uniform norm is 0{k~°°). The following result is a consequence of 
the works of Boutet de Monvel and Guillemin jl] (cf. [H]). 

Theorem 4.1. The set T of Toeplitz operators is a *-algebra. The contravariant 
symbol map 

a cont : T -> C°°(M)[[h]], WiMf j, W>. + Rfc -» E^fi 

is well-defined, onto and its kernel consists of the Toeplitz operators whose uniform 
norm is 0{k~°°). Furthermore, the product * c induced on C°°(A/)[[7i]] is a star- 
product. 

The principal symbol of a Toeplitz operator is the first coefficient fo of its con- 
travariant symbol. The operators f. are Toeplitz operators with principal symbol 

We use the same definitions and notations over M r . Recall that A is fixed and k 
runs over the positive multiples of k. So a Toeplitz operator of %. is a family 

(Tk)k=K,2K,...- 

We denote by n r fc the orthogonal projector onto H.r,k and by * cr the product of 
the contravariant symbols of C°°(M r )[[/i]]. 
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Remark 4.2. (Orbifold) In the case M r is an orbifold, the definition of the Tocplitz 
operators makes sense. We will prove theorem 14. II for the Tocplitz operators of M r 
in section [HI □ 

Remark 4.3. (harmonic oscillator) To avoid a discussion about the infinity of C n , 
we do not define the full algebra of Toeplitz operators on C" and do not state any 
result similar to theorem 14. II We only consider the Toeplitz operators of the form 

n fc M /( . ifc) n fc 

where f(.,k) is a symbol of S(C") (cf. definition in section l2~3"|) . □ 

4.2. Statement of the main result. Recall that Vfe is the isomorphism from 
H\.k to JirM (cf. definition 13.7(1 . Let Ufe be the operator 



L 2 {M, L k ) — > L 2 (M r , * 

Hence 



V fc (V^V fc )-5*, WeHx.k 
0, if * is orthogonal to Ti\ t k 



u£u fc = n A , fe , u k u* k = n r , fe) n r , fe u fe n A)fe = u fe . 

where H\.k is the orthogonal projector onto TL\^- The main result of the section is 
the following theorem and the corresponding thcorcm |2.2l for the harmonic oscillator. 

Theorem 4.4. Let Tfe be a Toeplitz operator of M with principal symbol f . Then 

XJ k T k U fe : L 2 (M ri L*) -> L 2 (M r ,L k r ) 

is a Toeplitz operator of M r . Its principal symbol is the function g E C°°(M r ) such 
that 

g(p(x)) = / f{l e .x) 5 Td {9), x E P, 

with Sjd the Haar measure of T d . 

In the following subsection we introduce the A- Toeplitz operators. These are the 
operators of the form 

n A , fc T fe n A , fe where T fc £ T. 

In the next subsections, we prove some estimates for the sections of Tl\^ and intro- 
duce an integration map. Then we prove that the space of A-Tocplitz operators is 
isomorphic to the space of Toeplitz operators of M r , a stronger result than theorem 

m 

Our proof uses the properties of the Toeplitz operators of M r stated in theorem 
14.11 So, in the case the T d -action is not free, the proof will be complete only in 
section with the proof of theorem 14. II for orbifolds. 

For the following, we introduce the inverse : Ti r ,k — * 7~L\,k of Vfe. We consider 
that Vfe and Wfc act not only on 7i A; fc and TL r> k respectively, but on the space of 
L 2 sections in such a way that they vanish on the orthogonal of 7i\ t k and Ti. ri k 
respectively. So 



fLfeVfeiTfe = Vfe, n A ,fe.w fe n r ,fe = w fe , v t w fc = n P , fcj w fc Vfe = n 



X,k, 



and with the convention CP 5 =0, the equality Ufe = Vfe (V^ Vfe) - 5 is valid on 
L 2 (M,L ■ ). Furthermore we say that a function or a section is invariant if it is 
invariant with respect to the action of T d . 
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4.3. The A-Toeplitz operators. We begin with a useful formula for the orthogo- 
nal projector II Ai fc onto H\ t k- Denote by Px,k the orthogonal projector of L 2 (M, L k ) 
onto the space of invariant sections of L k (not necessarily holomorphic). If ^ is a 
section of L k , P Aj fc ^ is given by the well known formula 

(15) Pa,a,-*= / C* e *5f d (p). 

where <5 T d is the Haar measure. Since P\,k sends TLk in 7ifc, we have 

(16) n A , fe = p A , fe n fe = n fc p Aifc . 

Let T\ be the set of A-Tocplitz operators 

T\ ■ { Ha.a I , Ha T fc e T}. 

This first result follows from theorem 14. II about Tocplitz operators. 

Theorem 4.5. T\ is a *-algebra. Furthermore if Tfc is a Toeplitz operator with 
contravariant symbol ^2H l fi, then 

(17) IK,.. 1/ 1 1 a./ = n A , fc M A( . lfc) n Xifc + R fc 

where Rfc is 0(k~°°), n Aj fcRfcII Aj fc = Rfc and f\(-,k) is an invariant symbol of M 
with an asymptotic expansion k~ l f\,i such that 

fx,i( x ) = I fi{k-x)5 Td {6), 1 = 0,1,... 
So the A- Toeplitz operators can also be defined as the operators of the form 

(is) n A , fc M /( ., fe) n A)fc + R fc 

where the multiplicator f(.,k) G S(M) is invariant. n A fcRfcII A .fc = Rfc and Rfc is 
0(fc-°°). 

A similar algebra was introduced by Guillemin and Sternberg m the context 
of pseudodifferential operators. Their main theorem was that there exists an asso- 
ciated symbolic calculus, where the symbols are defined on the reduced space M r . 
Let us state the corresponding result in our context. 

Theorem 4.6. The map cr pr i, lc : T\ — > C°°{M r ), which associates to a X-Toeplitz 
operator of the form I ifl)) with an invariant multiplicator /(., k), the function go £ 
C°°(M r ) such that 

f(.,k)=p*g + O(k~ 1 ) overP 
is well-defined. Furthermore the following sequence is exact 

► T A nO(fc- 1 ) ► T\ -^21+ C°°(M r ) > 0. 

Finally if T fc and T^ are X-Toeplitz operators, then 

Oprinc(Tfc -T^) = <7princ(Tfc).<7 pr i nc (T fc ) 

So [Tj^,Tfc] is 0(k~ 1 ) and fc[T^.,T^] belongs to 7~\. Its principal symbol is 

Cprinc(fc[T fc , T fc ]) = j{(Tprinc(T fc ), <T pr i nc (T fe )} 

where {., .} is the Poisson bracket of C°°{M r ). 

This theorem doesn't follow from theorem 14.11 Actually it is a corollary of 
theorem 14.251 which says that the algebra of A- Toeplitz operators and the algebra 
of Toeplitz operators of M r are isomorphic (cf. remark 14. 2 7(1 . 
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Proof of theorem \4-5\ First let us prove the second point. Let 

T fe = n fe M /( ., fe) n fe + R fe 

be a Toeplitz operator. Since HkTl\,k = n A ,feIIfc = n A fe, we have 

Ha./. Tfc II x./, = n A , fc M/(., fc) n Aife + 1I X( , R fe ll v ,v. 

Clearly R fe is 0(*-°°) implies that n A)fc R k IL x>k is 0(k~°°). Since n A , fe P A , fe = 
Pa, n A , fc = II Aife , we have 

n Aife M /( . >fe) n A)fc = p A , fc M /( ., fc) p A , fc n A , fc . 

Then using (|15fl . we obtain 

P\,kM f( . >k) P x ,k = M A( ., fc) P A ,fc 
where / A (.,/c) is the invariant symbol 

f x (x,k)= f(l e .x,k)S T d(6). 

Consequently, 

Ha / Tfc 1 1 a./ = n A)fc M /A( . ife) n A!fe + 11 X( , R fe IK,,. 

which gives the result. To prove that T\ is a *-algcbra, the only difficulty is to check 
that the product of two A-Toeplitz operators is a A-Toeplitz operator. Let f 1 (.,k) 
and f 2 (.,k) be invariant symbols of S(M). We have to show that 

n A: feAf^i( fe)iT Ajfe My2( fe)IT Ajfc 

is a A-Toeplitz operator. By l(TH|l . 

n A ,feA/ / i(.^ ) n A ,feA/ / 2 ( ..fe ) n A ,fe n. Vi ..\/, , L m i\ v ,, .\/ ( , n A .,, 

Since f 2 {.,k) is invariant, P Ai fe and Mp^_ k ) commute, so 

=n Aj fcMji(. i fe)ITfeMy2( fe) p Ajfc n A;fe 

=n A ,fenfeM / i ( . ! fc ) nfeM / 2 ( . ! fc ) nfcn Ai fe 

by lO . Finally Ii k M f i { ^ k) life Mj2( fe) life is a Toeplitz operator since it is the prod- 
uct of two Toeplitz operators. □ 

Remark 4.7. (harmonic oscillator) We define the A-Toeplitz operators as the op- 
erators of the form 

n^fc ^/(.,fc) rii.fe + Rfe 

where f{-,k) belongs to S(C n ), Hi ik is the orthogonal projector onto Hi t k, Rfc 
satisfies LTi feRfeili fe = Rfe and its uniform norm is 0(k~°°). Then theorems 14.51 
and !4.6l remain true. The proof that the multiplicator /(., k) can be chosen invariant 
is the same. The fact that these operators form an algebra and the definition and 
properties of the principal symbol are consequences of theorem 14.251 □ 

4.4. Norm of the invariant states. In this section, we estimate the norm of the 
cigensections of H\. k . We begin with the estimation over Pc. Using the diffeomor- 
phism {TO} , we identify Pc with x P. Let & be a basis of and denote by ij the 
associated linear coordinates. 

Proposition 4.8. For every T^-invariant section ^> of L k — > Pc, we have 
(19) (¥,*)(t,y) = e- fc *k»>(*,*)(0,y), V(i,2/)et d xP 

where if is the C°° function on t c i x P solution of the equations 

tp(0, y) = 0, d U (p(t, y) = 2(A. t - ^(t, y)), with i = 1, d 
and Hi := (fi,£i), A, := (A, are the components of ^ and A. 
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Proof. By equation J5J|, i£ G it^ acts on the sections of L fc by 

So if ^ is a T^-invariant section, 

V Jf #* = fc(M-A,0*. 

which leads to 

(20) (</£#).(*, *) = 2fc< M - A, £}(*,*) 

and shows the proposition. □ 

On the complementary set P£ of Pc in M, the situation is simpler. 
Proposition 4.9. Every T^-invariant section 5' o/ L k — > M vanishes over Pfc. 

Proof. This is also a consequence of equations ()20|l (cf. theorem 5.4 of 23])- □ 

The previous propositions were shown by Guillemin and Sternberg in Fur- 
thermore they noticed the following important fact. 

Lemma 4.10. Let g be the Kahler metric (g(X, Y) = oj(X, JY) ). Then 

\d u d tj y{t,y)=g{tit^f){t,y). 

Proof. We have J£* .(/x,£,-) = uj{J£* = - 9 )■ The result follows from 

proposition ^. 81 □ 

Then for every y 6 P, the function ip(.,y) is strictly convex. It admits a global 
minimum at t = and this minimum is ip(0, y) = 0. We obtain the following 
proposition. 

Theorem 4.11. Let e > 0, P e be the subset of Pc 

P e := {(t,y) 6 P c ; |*I < c> 

and P e c ?is complementary subset in M . There exists some positive constants C(e), 
C , C such that for every k and every ^ £ T~L\,k> 

(*,*)(«) < CPe- fcc(f )(f,*) M , Vx e P c - 

and *) P e C"fc"e- fcc(e) (*, *)m- 

w/iere (f,*) P c := J pc (^,^)S M 

Remark 4.12. This result shows that the eigenstates of Ti\.k are concentrated on 
P. Actually, since the T^fc are Toeplitz operators with principal symbol ([!,£}, we 
could directly deduce from general properties of these operators [J] a weaker version 
where Ck n e~ kc ^ is replaced by CV(e)fc _Ar with N arbitrary large. □ 

Proof. Let C(e) be the minimum value of tp over the compact set 

{(t,y)&P c ; \t\=e}. 

Since <p(.,y) is strictly convex with a global vanishing minimum at t = 0, C(e) is 
positive and 

<p(t,y)>C(e), V(y,t)eP e c . 

On the other hand, using coherent states as in section 5 of we prove that there 
exists a constant C such that for every k and $ €E Hk, 

< Cfc"(*,*) M , V.TGP 
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If belongs to H\ : k, then it is T c -invariant and so it satisfies equation (|19fl . Fur- 
thermore it vanishes over the complementary set of Pc. This implies the first part 
of the result. By integrating, we get the second part with C = CVo\(P e ). □ 

Remark 4.13. (harmonic oscillator) We have to adapt theorem 14.111 since C" is 
not compact. The imaginary part of the complex action is given by 

R x C" -» C\ (i, z) -> l it .z = (e-* Pl zi, ...,e-* p "z„). 

A section \f of Tii^k satisfies 

(21) *(/«.*) =e- fct *(z) 
From this we obtain the following lemma. 

Lemma 4.14. Let g(.,k) be a sequence of functions on C n . Assume that there 
exists C and N such that 

\g(z,k)\^C(l + \z\) N , VzeC", Vfc. 

Let e > ; P c be the subset {lit.z; \t\ < e and z €E P} of Pc and P e c its complementary 
subset in C". There exists some positive constants C(e), C such that for every k 
and every \1/ G 7~ti,k, 

(jg(.,k)*,*)pc < C"fc"e- fcC(e) (*,*)c"- 

Proof. Let ^ belongs to Hi t k- First, as in the compact case, there exists C\ such 
that 

|*(z)| 2 e~ fc|212 < C*ifc"(*,*) C n, VzeF 
Let w = lit.z with z £ P. It follows from (|21|l that 

|*(w)| 2 e- fc|tu|2 = |^( z )| 2 e -' £ l z l 2 e- fc(|,I ' |2+2 *- |z|2) 

<C 1 fc"e- fe (H 2+2 *-l*l 2 )(*, *) c . 

Using that |z| 2 ^ 1, we obtain 

(22) |*H| 2 e - fc|t ° |2 < Cifc"e- fe (*,*) C n if 1 5s 1. 

On the other hand, assume that t < 0. There exists Cn > such that |z| 2 ^ C2 for 
every 2 e P. So |u>| 2 = ^e~ 2pi *|zi| 2 > C 2 e~ 2 *. Consequently 

e -fe(| tU | 2 +2t-|^| 2 ) ^ C » 3e -fe(|«;| 2 -21ii|«;|-l) 

^C^e" '^e - * 1 , if |io| is sufficiently large. 

Hence there exists t_ < such that 

|*(xy)| 2 e- fc|w|2 C 4 fc"e~ fc (*,*)c"e-4 |lu|2 ift<t_. 

This last equation and (12211 lead to the result if e ^ max(l, — For the smaller 
values of e, we complete the proof as in theorem 14.111 since we are reduced to a 
compact subset of Pc • D 

4.5. The integration map. Recall that 8m and &M r are the Liouville measures 
of M and M r respectively and pc denote the projection Pc — ► M r . 

Let I k : C™(P C ) C°°(M r ) be the map given by 

where ip is defined in proposition 14.81 Equivalcntly, Ik(f) 8m t is the push- forward 
of (k/2ir)4e- k *fS M by p c . 
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Remark 4.15. (Orbifold). If M r is an orbifold, the push-forward by pc of a density 
v of Pc with compact support is defined as in the manifold case in such a way that: 



VgeC°°(M r ), vp* c g= g Pc*v- 

J P C J M r 

Applying this in orbifold charts of Pc and M r , we recover the usual definition. With 
the same notations as in remark [3.81 assume that g has a compact support in \U\. 
Denote by gu, (pc*v)u the local lifts in U of g and pc*v. Then by definition of an 
integral in an orbifold, 

/ gpc*v = I gu-{pc*v)u 
J M r # G Ju 

So it follows from that (pc*v)u is the push-forward of KyV by the projection 
V — > U. One can check that the {pc* v )u agree on overlaps and define a global 
section pc*v. □ 

Remark 4.16. (harmonic oscillator). Since we apply Ik only to functions with 
compact support, all the results in this section extend directly to this case. □ 

We introduced the map I k because it satisfies the following property. 
Proposition 4.17. For every / S C£°(Pc), we have 
(23) (/*,*')M = (4(/)V fe *,V fe * / ) Mr , V*,*'£% 

or equivalently 

i i A , \/. Ha./, v; ,\/,. , x,. 

Proof. Let us prove (25} ■ Since the support of / is a subset of Pc, 

JPc 

By definition of Vfc , we have 

So equation (|19|) can be rewritten as 

(*,*') = (7^) f e- fe ^ c (V fe *,V fc *')- 



Hence, 



=(^Y J p /e- fc ^ c (V fc *,V fc *') 



I k (f) (V fe *, V fc *') 5 Mr 

'M r 

=(/*(/) V**, Vfc *')m„. 
which proves the result. □ 

For the following, we need to control the asymptotic behavior of Ik{f) as k tends 
to infinity when / depends also on k. First observe that there is no restriction to 
consider only invariant functions of C£°(Pc). Indeed, if / £ C^°(Pc) and 



fx(x) = / f(l e .x) d Jd (e) 



thenJ fe (/) =I k (h). 
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Denote by S a (Pc) the set of sequences (/(., k)) k of C^(Pc) such that there exists 
a compact set K C Pc which contains the support of /(., k) for every k and /(., k) 
admits an asymptotic expansion for the C°° topology of the form 

f(.,k) = Eik- l fi + 0(k-°°). 

Let us introduce a basis ^ of the integral lattice of and denote by the 
associated vector fields of M. Recall that g is the Kahler metric. The following 
result involves the determinant of g(^f which clearly doesn't depend on the 
choice of the basis . 

Proposition 4.18. Let f G S (Pc). Then the sequence Ik(f(.,k)) is a symbol of 
M r . Furthermore 

p*g =r{det[g^f^f)]Kf ) 
where go and fo are such that /&(/(., k)) = go + 0(k^ 1 ) and /(., k) = fo + 0(k^ 1 ). 

This proposition admits the following converse. 

Corollary 4.19. For every symbol g(, .k) of S(M r ), there exists f(.,k) G S (Pc) 
such that g(., k) — !/.(/(., k)). 

Proof of corollary \4-.19\ Let r be a non negative invariant function of C^°(Pc) such 
that r = 1 on a neighborhood of P. Set 

f(.,k) :=r.p* c (g{.,k)I^{r)). 

From the previous proposition, ifc(r) is a symbol of M r and the first coefficient 
of its asymptotic expansion doesn't vanish. So J A T 1 (r) is also a symbol of M r . 
Consequently /(., k) belongs to S (Pc)- Furthermore, we have g(., k) = !&(/(., k)). 

□ 

Proof of proposition \4-l&\ We integrate first over the fibers of id x P — > P. Let us 
compute the Liouville measure 5m- We denote by t±, td the linear coordinates of 
id associated to £ 1( 

Lemma 4.20. There exists an invariant measure dp on P and a function 8 G 
C°°(t d x P) such that 

8m = 8.8p.\dti...dtd\ over id x P, 
pJ P = 8 Mr and 8(0, .) = f detfo^f , £f )]. 

Proof. Let us write over {0} x P C id x P 

uj = f} + f3j A dtj + ^ a^dti A dtj 

where (3 G VL 2 (P), ft G O x (P) and G C°°(P). Since this decomposition is 
unique, these forms are all invariant. Let us set 

s = |/3 A "- |ft A-A^ d | 

n r ! 'de%(£f,£f)] 

Since j* to = (3, (3 = p*to r . We also have g{£* = wtff , J£f ) = (ft,£f )• Since 
the £j are a basis of the integer lattice, we obtain p*8p = 5m t - In the case M r is an 
orbifold, this can be proved using local charts of M r and P as in remark 14.151 

Since (3{t* , ■) = 0, (dU A dtj)(^f, .) = and (ft A dU)(£* , ) = 0, we have over 
{0} x P 

r?' 

w An =— -f3 An " A (ft A dh) A ... A (ftj A dt d ) 
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Hence 

5 M = det[ 5 (ef,ef)] ^.Idti-didl 
over {0} x P, which proves the result. □ 

Let J k (f) be the function of C°°(P) 

Mf)(y) = (yY I e- k ^' y) f(t,y)S(t,y) \dh...dt d \ 

It is invariant and p*Ik(f) = Jk(f)- So we just have to estimate Jk(f)(y) which 
can be done with the stationary phase lemma. Recall that we computed in lemma 
14. 101 the second derivatives of ip. The result follows. □ 

Remark 4.21. The proof actually gives more about the map 

(24) F:C$(M)[[h]]->C°°(Mr )[[H}}, £ft< ft - £ft< 9l 

such that I k (f(., k)) = £ k~ l gi + 0(k-°°) if /(., k) = J2 k- l fi + 0(k~°°). 

Since F enters in the computation of the contravariant symbol of the reduced 
operator, let us give its properties. First it is C[ [ft]] -linear. So 

F = J2h l Fi with Fi : C™ d (A/) C°° (M r ). 

The operators Fi are of the following form 

p*F l (g)=deti[g(Z*,Z*)} ]T a a>l f ((J^ # ) a(1) ...(J^) a(d) ./) 

where the functions ai_ a are polynomials in the derivatives of fit = ((A,£i) and A/^ 
with respect to the gradient vector fields of the fij. 

Indeed by proposition 14.81 the derivatives of if can be computed in terms of the 
derivatives of fii. Furthermore it is easily proved that 

(J£f).ln<S = A Ml 

with A the Laplace-Bcltrami operator of M, which gives the derivatives of S in 
terms of the derivatives of A/i.;. Then the computation of the functions a a ^ follows 
from the stationary phase lemma. □ 

4.6. From the A-Toeplitz operators to the reduced Toeplitz operators. We 

begin with a rough estimate of the maps Vft and Wfc. 

Proposition 4.22. There exists a constant C > 0, such that for every k the uniform 
norms of\k, and W£ are bounded by C . 

Proof. By corollary OTA there exists /(, .k) G S (P C ) such that I k (f(, -k)) = 1. By 
proposition 14.171 

v*v fc = n Xife M /( . jfc) n A , fe . 

Furthermore it follows from proposition 14.181 that f(.,k) = fo + 0(k^ 1 ) with /o 
positive on P. 

Since /(., k) is a symbol, there exists G\ such that /(., k) ^ C\ over M for every 
k. So 

(V fc *, V fe *) Mr - (/(., fc)*, *) M ^ Cx(*, *) M 
which proves that the uniform norms of V k and V£ are smaller than C* . 

Since fo is positive on P, there exists a neighborhood P € of P defined as in 
theorem 14 . 1 1 1 and a constant Cy, > 0, such that 

f(.,k)^C 2 , ovcrP, 



20 



L. CHARLES 



when k is sufficiently large. So 

(V fe *,V fc *) Mr = (/(.,*)*, > (/(..ft)*,*)*. *s C 3 (%V)p. 
Furthermore theorem 14. 1 II implies that 

(% *) Pc = *) M - (*, $) P c > |(*, *) M 

when fc is sufficiently large. Consequently the uniform norms of Wfc and W k are 
smaller than (ttC^) -5 when k is sufficiently large. □ 

Remark 4.23. (harmonic oscillator) The result is still valid. There are some 
modifications in the proof. Instead of theorem 14.111 we have to use lemma 14.141 
The same holds for theorems l4.24l and l4.25l □ 

Let us now give the relations between the A-Toeplitz operators and the Toeplitz 
operators of M r . 

Theorem 4.24. IfT k is a X-Toeplitz operator, then W£TfcWfc is a Toeplitz oper- 
ator of M r . Furthermore, if 

T fc = n A , fe M /( . !fc) n A , fe + o(fc-°°), 

with /(., k) =Y1 k~ l fi + 0(k°°) an invariant symbol, then 

<J CO nt(W* k T k W k )=F(J2h l f l ) 

where the map F is defined in \Z4\j . Conversely, ifT k is a Toeplitz operator of M r , 
then V k Tfc Vfc is a X-Toeplitz operator. So the map 

T x ^%, T fe ^W fc T fe W fe 

is a bijection. 
Proof. Let 

Tfc = LL\,fcMy( . ife )IL\,fc + Rfe 

be a A- Toeplitz operator, where /(., k) = k~ l fi + 0(k°°) is an invariant symbol 
and R fc is 0(Ar°°). Then 

W£ T fc W fe = W* k M /( ., fc) W fc + W* k R k W fc 
By proposition R fc W fc is 0(fc-°°). 

Let P e be a neighborhood of P defined as in theorem 14.111 Let r be an invariant 
function of C^°(Pc) such that r = 1 over P € . Write 

W fc M /( ., fc) W fc = W£ M r/( ., fc) W fc + W^ M(i-,) /( .,fc) Wfc 

The second term on the right side is 0{k~°°). Indeed by proposition 14.221 it 
suffices to prove that IlA,fcM(i_ r )/(. j fc)IIx ) fc is 0(k~°°). We have 

((1 - r)/(., (1 - r)/(, fc)*) A / = ((1 - r)/(., k)*, (1 - r)f(., fc)tt) P . 
since r = 1 over P e 

< C(*,*)pc 

where C doesn't depend of fc. Theorem 14 . 1 1 1 leads to the conclusion. 

Now r/(., k) is a symbol of S (Pc)- So by proposition 14 .181 fc) := I k (rf(., k)) 
is a symbol of S(M r ). By proposition 14. 171 

w fc M r / ( .,fc) Wfc = n r>fe M 9( . ife) n r , fc . 

which proves that W k T k Wfc is a Toeplitz operator of M r with contravariant symbol 
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Conversely, let 

T ft = n r , fc M s( . )fc) n rjfc + R fc 

be a Toeplitz operator of M r , where g(., k) s S(M r ) and Rfc is 0(k~°°). Write 

V* k T fe V fe = Y* k M g{ . ik) V k + Yl R k V fc . 

Then, Y* k R fe V fe is 0(fc -00 ) by proposition KTB By corollary |4~T31 there exists 
f(.,k) € S (P C ) such that 

Vt, M s( ., fe) V fc = 1Ia.^/ ( j. \\ xj . 

Consequently V k Tfc Vfc is a A-Toeplitz operator. □ 

Recall that U fe = Vfc(VfcVfc)-* : L 2 (M,L k ) -> L 2 {M r ,L k r ). Let us state our 
main result. 

Theorem 4.25. The map 

T x ^%, Tfc^UfcTfcUfc 
is an isomorphism of * -algebra. Furthermore, if 

Tfc = n A ,fcM /( . i fc ) n A ,fc + o(fc-°°), 

with /(., fc) = ^2 & /i + 0(k°°) an invariant symbol, then 

<T C o„t(Ufc Tfc UJ) = e-' *„ F(J2h l fi) * cr e"5 

where e = F(l) and e _ * is the formal series of C°° (M r )[[h]] whose first coefficient 
is positive and such that e _ = # cr e" * cr e = 1. 

Again, in the proof we use some basic properties of the Toeplitz operators of M r , 
which arc known in the manifold case and will be extended to the orbifold case in 
section [U 

Proof. It is easily checked that 

U fc = (W£W fc )-5W fc . 
Let Tfc be a A- Toeplitz operator. We have 

(25) UfcTfcUfc = (W^Wfc)"^ W£T fc W fc (W:w fc )-* 

By theorem 14.241 W k Wfc is a Toeplitz operator of M r with a positive principal 
symbol. It follows from the functional calculus for Toeplitz operator (cf. [Hj) that 
(WfcWfc) _ 2 is a Toeplitz operator also. Now Tfc Wfc is a Toeplitz operator by 
theorem 14.241 Since the Toeplitz operators of M r form an algebra, Ufc Tfc U£ is a 
Toeplitz operator. The computation of its covariant symbol is also a consequence of 
(25) . Indeed by theorem EM the symbol of Wfc T fc W fc and W* k W fc are F(J2 h l fi) 
and e respectively. 

Conversely, if Sfc is a Toeplitz operator of M r , then 

ul. Sfc Ufc = Wfc (Wfc w fc )-* Sfc (Wfc; Wfc)-* w* k 

= (VJ W* k ) Wfc (WI. Wfc) - * Sfc (W* k Wfc)- * W^ (Wfc Vfc ) 

=v£(Wfc;Wfc)5Sfc(WfcWfc)2Vfc. 

And in a similar way, we deduce from theorem 14.241 that U^ Sfc Ufc is a A- Toeplitz 
operator. □ 
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Remark 4.26. (symbolic calculus). Recall that we computed the operator F at 
the end of section ^. 51 Furthermore the star- product * cr can be computed in terms 
of the Kahler metric of M r (cf. [B]). This leads to the computation of the con- 
travariant symbol of the reduced operator Ufe Tfe U£ in terms of the multiplicator 
k~ l fi defining the A-Toeplitz operator Tfe. In particular, the principal symbol go 
of Ufe Tfc U£ is such that p* go = i*fo- D 

Remark 4.27. (proof of theorem 14. Because of the previous remark, the A- 
Tocplitz operator Tfe and the Toeplitz operator Ufe Tfe U£ have the same principal 
symbol. Consequently all the assertions of theorem 14.61 follow from theorem 14.251 
and the calculus of the contravariant symbol for the Toeplitz operators of M r . □ 

Remark 4.28. (proof of theorcm l4.4|l . Theorem 14 . 41 stated in the introduction is a 
consequence of theorems 14. 51 and !4. 251 To compute the contravariant symbol of the 
reduced operator, we have first to average the contravariant symbol of the Toeplitz 
operator of M and then apply the formula of thcorcm l4.25l □ 

Remark 4.29. (Vfc is not unitary). The fact that the Guillcmin-Sternberg isomor- 
phism is not unitary, even after the rescaling with the factor (^r)^, can be deduced 
from the spectral properties of the Toeplitz operators. Indeed by theorem 14.241 
W£ Wfe is a Toeplitz operator with principal symbol go such that 

P*9 =fd e t[g(Zt,Zf)}i. 

Denote by m and M the minimum and maximum of go- Then the smallest eigenvalue 
E s of W* W and the biggest E$ are estimated by 

E s =m + 0(k- 1 ), Es^M + Oik- 1 ). 

So when the function det[g(£*, is not constant over P, Wfe is not unitary 
when k is sufficiently large. This happens for instance in the case of the harmonic 
oscillator when the reduced space is not a manifold. □ 

Remark 4.30. From a semi-classical point of view, the operator Ufe is not unique. 
Indeed we can replace it with any operator of the form 

T fc Ufe Sfe 

with Sfe a unitary A- Toeplitz operator and Tfe a unitary Toeplitz operator of M r . We 
can state a theorem similar to theorem 14. 251 with this operator. The only changes 
arc in the symbolic calculus. □ 

5. Fourier integral operators 

In this section, we prove that the A- Toeplitz operators, the Guillemin-Sternberg 
isomorphism and its unitarization are Fourier integral operators in the sense of 
[J]. Using this we can interpret the relations between these operators and the 
Toeplitz operators as compositions of Fourier integral operators corresponding to 
compositions of canonical relations. 

We assume that the reduced space M r is a manifold. A part of the material will 
be adapted to orbifolds in section 

5.1. Definitions. We first recall some definitions of 0. Let Mi and Mi be compact 
Kahler manifolds endowed with prequantization bundles L\ — ► M\ and L£ — > Mi. 
Here k is some fixed positive integer and in the following k is always a positive 
multiple of k. Denote by Til (rcsp. 7i\) the space of holomorphic sections of L\ 
(resp. L%) and by Iljf, (resp. 11^) the orthogonal projector onto Hi (resp. Hf). 

Consider a sequence (Tk)kenN* such that for every fc, Tfe is an operator H\ — ► 7i\. 
As previously we extend Tfe to the Hilbert space of sections with finite norm in such 



TOEPLITZ OPERATORS AND HAMILTONIAN TORUS ACTIONS 



21! 



a way that it vanishes on the orthogonal of 7i\ . The Schwartz kernel T k is the section 
of L\ M L 2 k -> Mi x M 2 such that 

T fe .*(x 1 )= f T k (x 1 ,x 2 ).*fa)8 Ua (x2) 

where Sm 2 is the Liouville measure of M 2 . All the operators we consider in this 
section are of this form. 

5.1.1. Smoothing operators. A sequence (/(.,£;)) of functions on a manifold X is 
00 (k~°°) if for every compact set K, every N ^ 0, every vector fields Yi,...,Yjv on 
X and every I, there exists C such that 

\Y 1 .Y 2 ...Y N f{.,k)\^Ck- 1 onK. 

Let Lx — ► X be a Hermitian line bundle. Let (^fc) be a sequence such that for 
every k, ^>k is a section of L^-. Then (vPfc) is 0oo(A _o °) if for every local unitary 
section t : V — > Lx ; the sequence (/(., A;)) such that = /(., fc)i fc is 0oo(fc _o °). 

We say that an operator (T^) is smoothing if the sequence (Tfc) of Schwartz 
kernels is O 00 (k~°°). Clearly if T k is O oc ,(k~°°), the compacity of Mi x Af 2 implies 
that the uniform norm of T k is 0(Ar°°). If Il£ T fe n| = T fe for every k, then the 
converse is true. 

5.1.2. Fourier integral operators. If uj 2 is the symplectic form of M 2 , we denote by 
M^~ the manifold M 2 endowed with the symplectic form — uj 2 . The data to define 
a Fourier integral operator are a Lagrangian submanifold F of Mi x M^~, a flat 
unitary section of L\ IE L^ re — > F and a formal series J] ^'ffz 01 C°°(r)[[^]]- 

By definition T& is a Fourier integral operator associated to (r,ip) with total 
symbol h l gi if on every compact set K C Mi x M 2 such that K fl T = 0, 

r fc (a;i,a ;2 ) = 00 (fc- 00 ) 

Furthermore on a neighborhood J7 of T, 

/ k \™( r ) , 

(26) T k {x u x 2 ) = (— J ^(xi,x 2 )/(a;i,x 2 ,fc) + oo (fc- 00 ) 

where 

i . £p is a section of Kl L 2 K — > [/ such that -Ep = if over T, and for every 
holomorphic vector field Z\ of Mi and Z 2 of M 2 

V (Zl ,o)£¥ = and V (oA) Bp = 

modulo a section which vanishes to any order along T. Furthermore 

|^(xi,x 2 )| < 1 

if (xi, x 2 ) r. 

ii . (/(., k))k is a symbol of S(U) with an asymptotic expansion J^fc /; such 
that 

/i = over T 

and (Zi,0)./i = and (0,Z 2 ).fi = modulo a function which vanishes to 
any order along F for every holomorphic vector fields Z\ of Mi and Z 2 of 
M 2 . 

n(r) is a real number. Denote by ^"(r, tf) the set of Fourier integral operators 
associated to (T, tp). 

Theorem 5.1. The map .F(r,ip) — > C°°(r)[[7i]] which sends an operator into its 
total symbol is well-defined and onto. Its kernel consists of the operators 0(k~°°). 
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The principal symbol of T\. £ ^(r,^) is the first coefficient g £ C°°(T) of 
the total symbol. If it doesn't vanish, T k is said elliptic. In [7j, we proved the 
basic results regarding the composition properties of this type of Fourier integral 
operators. 

5.2. Toeplitz operators. The first example of Fourier integral operators are the 
Tocplitz operators. The diagonal A r is a Lagrangian submanifold of M r x M~ . 
Denote by t\ the flat section of L~ K — > A r such that 

*A r ( a; ' x) = z® z" 1 if z £ L K X and z ^ 0. 

Definition 5.2. T r is the space of Fourier integral operators associated to (A r ,t^ ) 
with n(A r ) = n r the complex dimension of M r . 

By identifying A r with M r , we consider the total symbols of these operators as 
formal series of C°°(M r )[[ft]]. Our main result in |S] was the following theorem. 

Theorem 5.3. Every Toeplitz operator (Tfc) of M r is a Fourier integral operator 
associated to ( A r , t\ ) and conversely. Furthermore, there exists an equivalence of 
star-products 

E:C°°{M r )[[h)\^C™{M r )[[h]] 

such that if (Tk) *s o, the Toeplitz operator with contravariant symbol ^ h fi, then 
the total symbol of (Tk) as a Fourier integral operator is E(y~] h l fi). 

The same result holds for the Toeplitz operators of M. In the following we use 
the notations A, £a and T corresponding to A r , t 1 ^ and T r on M. 

5.3. The A- Toeplitz operators. Recall some notations of section The action 
of 9 £ T d on M (resp. L k ) is denoted by lg (resp. £$). P is the level set /i _1 (A) 
and p is the projection P — > M r . 

Let A be the moment Lagrangian 

A = {(Ig.x, x); x£Pand9£T d } 

introduced by Wcinstcin in [23- A is a Lagrangian manifold of M x A/~. Let f\ 
be the section of L K Kl L~ K — > A such that 

t%(le-x,x) = Ce-Z ® if z £ L£ and z ^ 

This is a flat section with constant norm equal to 1. 

Definition 5.4. T\ is the set of Fourier integral operators T^ associated to A and 
t\ with n(A) =n—7; and such that 

c* e T k = T k c* e = T k , ve 

or equivalently n A: fc T fc n A ,fe = T fc . 

We will deduce the following result from the fact that the algebra T\ is isomorphic 
to the algebra T r of Toeplitz operators of M r (theorems 14.241 and I4.25|) . 

Theorem 5.5. T\ is the algebra T\ of X- Toeplitz operators. 

A similar characterization was given by Guillemin-Stcrnbcrg for pseudodifferen- 
tial operators in ^1]. Their proof starts from the fact that Ii\^k is a Fourier integral 
operator of T\. If T^ is a Toeplitz operator of M, then the symbolic calculus of 
Fourier integral operators implies that Tl\.k Tk IL\,/c belongs to J-\. This follows 
essentially from the composition of canonical relations 

A o A o A = A. 
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In the same way, we can show that T\ is a *-algcbra (cf. theorem I4.5fl . define 
the principal symbol and prove theorem 1181 The corresponding compositions of 
canonical relations are 

A o A = A, A f = A. 

The difficulty of this approach is that it uses the properties of composition of 
the Fourier integral operators. In addition, the composition of A with itself is not 
transverse. But it has the advantage to be more general and can be transposed in 
other contexts. 

5.4. The Guillemin-Sternberg isomorphism and its unitarization. Let O 

be the Lagrangian submanifold of M r x A/" 

Q = {(p(x),x); xeP} 

Recall that L£ — > M r is the quotient of L K — > P by the action of T d . If z £ 
where x G P, we denote by \z] 6 L*,s its equivalence class. Then define the 
section t% of L£ M L~ K -> 9 by 

*e(p(x), x) = [z] ® z' 1 if z e and z^O. 

It is flat with constant norm equal to 1. 

Definition 5.6. J~x,r is the space of Fourier integral operators T k associated to 
(Ojig) with n(0) = n — jd and such that 

T k c; = T k , w 

or equivalently T k Ilx,k = TV 

Theorem 5.7. TTie Guillemin-Sternberg isomorphism V k and the unitary operator 
Ufe = Vfe(V^Vfc)~2 are elliptic operators of T\. r . 

This result is coherent with the fact that induces an isomorphism between 
the algebra of the A-Toeplitz operators and the algebra of the Tocplitz operators of 
A/,.. Indeed, observe that 

6oAoe* = A r , e*oA r oe = A 

which corresponds to the equalities 

U fc T fc U£ = S fc , U£S fe U fc = T fc 

where T k is a A- Tocplitz operator and Sfc the reduced Toeplitz operator. 

To prove theorems 15.51 and 15.71 we first explain how the spaces T\. r , J-\, T r 
of Fourier integral operators are related by the Guillemin-Sternberg isomorphism. 
Then we deduce theorems 15.51 and 15 . 71 from theorem 14.241 

5.5. The relations between T\, T\^ r and T r . Since we consider Fourier integral 
operators which are equivariant, we need an equivariant version of theorcm l5.ll Let 
us consider the same data as in section HTT1 Let G be a compact Lie group which 
acts on Mi x M% preserving the Kahler structure of Mi x . Assume that this 
action lifts to L\ Kl preserving the Hermitian structure and connection. 

Suppose that the Lagrangian manifold T and the section t£ is G-invariant. Let 
us denote by J-G(r,tf) the space of Fourier integral operators associated to (r, t£) 
whose kernel is G-invariant. 

Theorem 5.8. The total symbol of an operator T k G J-c^r,^) is G-invariant. 
Furthermore the total symbol map J^cO^jtr) ~~ > O^CHH^]] *s onto. 
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Proof. Let T k G -^(r^r)- Its kernel is of the form (|26[1 on a neighborhood of T. 
Hence, 

/ k \ n ( r ) 

T fc (xi,ar 2 ) = (-) f{x 1 ,x 2 ,k)4(x u x 2 ) + 0{k- oc ) 

for every (xi, x?) G T. It follows that the total symbol is G-invariant. Conversely, if 
the total symbol is G-invariant, we can define a G-invariant kernel of the form (|26|) 
with a G-invariant neighborhood U , a G-invariant section E$ and a G-invariant 
sequence f(.,k). The operator obtained T' k does not necessarily satisfy 

HlT' k Ul = T' k . 

So we set 

T fe = n fe T' fc n 2 fc . 

Using that rT^ and IT 2 , are Fourier integral operators associated to the diagonal of 
Mi and M2 respectively, we prove that the kernels of T k and T' k are the same 
modulo O oc (k~°°). Consequently T k belongs to J^r, £f) and has the required 
symbol. □ 

Corollary 5.9. There is a natural identification between total symbols of operators 
of T\ (resp. T\ r ) and formal series of C° a (M r )[[h\\. 

Proof. By theorem 15.81 the total symbols of the operators of F\ are the formal 
series of G°°(A)[[/l]] invariant with respect to the action of T d x T d on A C M 2 . 
The map 

A -> M r , {y, x) -> P (x) 
is a (T d x T d )-principal bundle. So there is a one-to-one correspondence between 
C£2 Jd (A) and G°°(M r ). The proof is the same for the total symbols of the oper- 
ators of T\ >r . □ 

Theorem 5.10. The following maps 

J~\ — > ^A.r, Tfc — > Vfc Tfc 

T x ^T r , T k ^V k T k V* k 

are well-defined and bijective. Furthermore, if T k £ jFx, i/ie totaZ symbols ofV k T k , 
Vfc Tfc V£ and Tj. are the same with the identifications of corollary \5.1A 

Proof. These properties follows immediately from the definition of the Fourier in- 
tegral operators. Indeed consider two operators 

Tfc : TL\.k — * T~L\,k, Sk : H\,k — * H r ,k- 

Extend them to the space of L sections in such a way that they vanish on the 
orthogonal of H\. k . Then S k = V k Tfc or equivalcntly T k = W k S k if and only if 
the kernels of T^ and S k satisfy 

k ~ 

(27) T k = (— ) 4 (pc H Id)*5 fe over P c x M. 

This follows from the definition of V k (cf. definition 13. 7|) . Furthermore by propo- 
sition 14.91 the kernel of T k vanishes over P£ x M. So we may recover the kernel 
of T k from the kernel of S k and conversely. Using this we can directly check that 
T k G T\ if and only if S k G T\^ r . 

To do this observe that the data which define the operators of T\ and T\ r are 
related in the following way: 

( P xld)- 1 (9) = A, (p^Id)*ig = iX 

Using that pc '■ Pc ~^ M r is a holomorphic map, it comes that 

(p c MIdyEg=El. 
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That T\, — ^ Vfe Tfc is well defined, bijectivc and preserves the total symbols follows 
easily. 

For the second map, we can proceed in a similar way. Let Sj, be such that 
il rj fc Sfe IL-.fc = Sfc. Then computing successively the Schwartz kernels of WfcSfc, 
(W fe S fc )*, W fc (W fc S fc )* and using 

(w fc (w fc s fc )*)* = w fc SkW;, 

we obtain that the kernels of = Sk W£ and S& satisfy 

T k (x,y) = (— ) *e- k ^ y \pcm Pc )*S k (x,y) over P c x P c . 
where the function <p has been defined in proposition 14.81 □ 

5.6. Proofs of theorems 15.51 and 15.71 Recall that by theorem 14.241 there is a 
bijection from T\ onto T r 

(28) T x ^%, T fc ^W:.T fe W fc . 

Furthermore, we know that T r = T r by theorem 15.31 In theorem 15. 101 we proved 
that the map 

(29) Fx^Tr, T k ^V k T k V* k 

is a bijection. Let us deduce that T\ = T\. 

Let T fc belong to J~\. By JUJ, V fc T fc V* k belongs to %. By W% W fe belongs 
to T r . Since the product of Tocplitz operators is a Toeplitz operator, 

(W* k W k )(V k T k Vt)(W* k W k )=W* k T k W k 

belongs to %. By (gSJl T fc belongs to T\. 

Conversely assume that T k belongs to T\. By JUJ, W* k T k W k belongs to %. 
Write 

V k T k V* k =(V* VJ)(WJ T fc W fc )(V k V fc ) 
Observe that Vfc V^ is the inverse of W^ Wfc in the sense of Toeplitz operators, i.e. 

n r>fe (v fe v^n r , fc = v fc v*, 
(v fe v fc )(w fc Wfc) = (wj Wfc)(Vfc v%) = n r , fe . 

Since (W^ Wfc) is a Toeplitz operator with a non- vanishing symbol by theorem |4.24l 
Vfc V^ is a Toeplitz operator. Consequently Vfc Tfc V£ belongs to % and by l|29|l. 
Tfc belongs to T\. 

Let us prove theorem 15. 71 By theorem 15. 51 LiAfc belongs to T\. So theorem l5.1UI 

implies that Vfc = Vfc IIa^ belongs to T\. r . Let us consider now Ufc. We have 

Ufc = (W* k Wfc)-5 W* k = V fe (Wfc(W* w fe )-3 W*) 

As we saw in the proof of theorem 14.251 (W k Wfc) - 2 belongs to %■. So by theorem 
l4"2H Wfc (W^. Wfc) -3 Wfc belongs to T\ = T\. And theorem l5Tu1 implies that U fe 
belongs to T\ r . 

6. Toeplitz operators on orbifold 

In this part, we prove the basic results about the Toeplitz operators on the 
orbifold M r . We describe their kernels as Fourier integral operators associated to 
the diagonal, prove that the set of Toeplitz operators is an algebra and describe the 
associated symbolic calculus. Finally we compute the asymptotic of the density of 
states of a Toeplitz operator. 
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6.1. Schwartz kernel on orbifold. Let us introduce some notations and state 
some basic facts about kernels of operators on orbifolds. Let X be a reduced orbifold 
with a vector bundle E — > X. So every chart (|E/|, U, G, itjj) of X is endowed with 
a G-bundle Ejj U. G acts effectively on U. If g £ G, we denote by a g : U — > [/ 
its action on £7 and by _4 9 : £77 — > £x/ its lift. If s is a section of £7 — > X, wc denote 
by Sf/ the corresponding invariant section of Ejj . 

As in the manifold case, we can define the dual bundle of E, the tensor product 
of two bundles over X, the orbifold X 2 and the bundle E M E* — > X 2 . Let <5 be a 
volume form of X. Then every section T of E HI £7* defines an operator T in the 
following way. Consider two charts (\U\,U,G,nu) and (|V|, V, if, Try) of X. Then 
T is given over \U\ x \V\ by a (G x i£)-invariant section Tyy of Ejj M Ey. If s is a 
section of E with compact support in \V\, then 

(Ts)[/ = -^: y Tiyy.Sy <fy. 

Assume that £7 is Hermitian and define the scalar product of sections of E by using 
S. If T is an operator which acts on C°°(X, E), vanishing over the orthogonal of a 
finite dimensional subspace of C°°(X, E), it is easily proved that T has a Schwartz 
kernel T. It is unique. Furthermore, if E has rank one, the trace of T is given by 

Tr(T) = / A*T S 
Jx 

where A : X — > X 2 is the diagonal map. Since A is a good map (in the sense of 
the pull-back A*(EME*) is well-defined. It is naturally isomorphic to E®E* — > X. 
So A*T is a section oi E ® E* ~ C. Finally the previous integral is defined with 
the orbifold convention: if (\U\, U, G, -kjj) is a chart of X and A*T has support in 
\U\, it is given by 

Note also that it is false that every section of E ® E* is the pull-back by A 
of a section of EM E* . For instance when E is a line bundle. E ® E* ~ C has 
nowhere vanishing sections, whereas it may happen that every section of E M E* 
vanishes at some point (x, x) of the diagonal. This explains some complications in 
the description of the kernels of Toeplitz operators. 

6.2. The algebra T r . Recall that (M r ,u> r ) is a compact Kahler reduced orbifold 
with a prcquantum bundle L£ — > M r whose curvature is —iK0j r . Let us consider a 
family (Tfc)/. of operators, with Schwartz kernels 

T k eC°°(M 2 ,L k ;ML; k ), k — k, 2k, 3k, ... 

As in the manifold case (cf . section I5.2|) , the definition of the operators of T r 
consists in two parts. The first assumption is 

Assumption 6.1. Tk is O 00 (k~ 00 ) on every compact set K C M 2 such that K n 
A r = 0. 

The description of on a neighborhood of the diagonal doesn't generalize di- 
rectly from the manifold case, because the definition of the section E 1 ^ doesn't 
make sense. Fortunately we can keep the same ansatz on the orbifold charts. If 
(\U\, U, G, ttu) is an orbifold chart of M r , we assume that: 

Assumption 6.2. There exists a section T' k v of L^jjML^^ invariant with respect 
to the diagonal action of G and of the form 

(30) U tU (x, y) = (— ) E\ v (x, y)f(x, y, k) + oo (fc-°°) 
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on a neighborhood of the diagonal Ajj, where E 1 ^ and f(.,k) satisfy the assump- 
tions \2b\ i) and \2b\ ii) with (L,ip) = (A;/,^), such that 

(31) T k , uu = J2(A 9 ^yTku- 

<?eG 

Observe that we can use TL u instead of T^jju to compute (T^ ^>)u when \1/ has 
compact support in U : 

(Tk^)u(x) =J- f T ktUU (x,y)^ u (y)5 u (y). 



#G 

(32) = / TL u (x,y)^ u (y)S u (y) 



This follows from (|31[) and the fact that is G-invariant and T' fc v is invariant 
with respect to the diagonal action. 

Definition 6.3. T r is the set of operators (T k ) such that 

n rj fe Tfe H r: k = Tfc 

and whose Schwartz kernel satisfies assumvtions \b'. l\ and \b\"A tor every orbifold chart 
(\U\,U,G,iru). 

The basic result is the generalization of the theorem of Boutet de Monvel and 
Sjostrand on the Szego projector. 

Theorem 6.4. The projector Ilk is an operator of T r . 

This theorem will be proved in section Let us deduce from it the properties 
of J- r . First we define the total symbol map 

a:Tr -+C°°(Mr)[[h]], 

which sends T k into the formal series h l 9i such that 

(33) T k (x, x) = {±) nr Y,k- l 9i{x) + 0(k-°°) 

for every x which belongs to the principal stratum of M r . 

Proposition 6.5. a is well-defined and onto. Furthermore er(Tfc) = if and only 
ifTk is smoothing in the sense of section \5.1.1\ i.e. its kernel is Ooo(fc^°°)- 

Proof. First let us prove that a is well-defined. By H31[) . 

Tk,uu(x,x) = YsgeG^g ®ld)*Tl :U {a g .x,x) 

Assume that ttjj{x) belongs to the principal stratum of M r . So if g ^ idc, a g .x ^ x 
which implies that T[,(ag.x,x) = 0(fc~°°). Consequently (|30() leads to 

T k ,uu(x,x) = (±.) nr f( x , x ,k) + 0(k~°°). 

This proves the existence of the asymptotic expansion l|33(l and that the gi extend 
to C°° functions on M r . Furthermore, since the principal stratum is dense in M r , 
these functions are uniquely determined by the kernel T k . If Tfc is smoothing, they 
vanish. Conversely, if the functions gi vanish, T' k v is Ooo(fc -00 ) and the same holds 
for Ti^uu- So the kernel of a consists of the T k such that T k is O oc (k^ oa ). 

Let us prove that a is onto. Let ^ h l gi be a formal series of G°°(M r )[[?i]]. First 
we construct a Schwartz kernel T k satisfying assumptions 16.11 16.21 and (|33fl . To do 
this, we introduce on every orbifold chart a kernel T k u of the form H3()[) where the 
functions f{-,k) are such that 

f(.,k) = ^k- l m>u + o(k-°°) 
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with the gi u S C°°(U) corresponding to the gi. The existence of T' k u is a conse- 
quence of the Borel lemma as in the manifold case. Furthermore since the functions 
gi u are G-invariant and the diagonal action of G preserves Ajj and t 1 ^ , we can 
obtain a G-invariant section T' k v . 

Then we piece together the Tkjju by using a partition of unity subordinate to 
a cover of M r by orbifold charts. To do this, we have to check that two kernels 
Tk,UiUi and Tk_u 2 u 2 on two orbifold charts 

([UxlUuGuiru,), (\U 2 \,U 2 ,G 2 ,Tru 2 ) 

define the same section over \Ui\ n \U2\ modulo O 00 (k~°°). Recall that the compat- 
ibility between orbifold charts is expressed by using orbifold charts (\U\, U, G, irjj) 
which embed into (|J7j|, f/j, Gj, iTUi)' Denote by pi : G — > Gi the injective group 
homomorphism and by jj : U — > £/j the p^-equi variant embcddings. We have 

(34) V S eG„ Vx € ji(U), a g .x G ji(U) ^g£ Pi {G). 
We have to prove that 

(35) (ji H .n)*T kMUt = T ktUU + Ooo(fc"°°) 

By QI), if g € G t - Pi (G), then a g (ji(U)) D - 0. Since T^. is M (r M ) 

outside the diagonal, this implies 

T k,UiUi\ji(u)xji{u)= X] (A K Id )* T fc,;/Jj,(;7)xi l (c/)+0 00 (fc~ 00 ) 
gepUG) 

Furthermore, since j*gi.Ui = 9l,Ui we have 

Both of the previous equation lead to (|35|> by using that the map ji are pi-equiva- 
riant. 

The section T k obtained is the Schwartz kernel of an operator T&. We don't have 
necessarily 11^ T& rife = but only 

(36) n fc T fe n fe = T fe 

modulo an operator whose kernel is Ooo(fc _ °°)- So we replace T& with ilfeTfellfe. 
The proof of 1|36|) is a consequence of theorem 16.41 and is similar to the manifold 
case. Actually, if two operators R^ and S k satisfy assumptions 16.11 and 16.21 the 
kernel T k of their product is given on a orbifold chart by 

T ktUU = ^2{A a md)*Tj e>u 
<?eG 

where 

(37) n tU {x,y)= [ S' ktU (x,z).Rl u (z,y)5 u (z)+0 oc (k-°°) 

Ju 

This follows from equation l|32|l . □ 

Theorem 6.6. J- r is a ^-algebra and the induced product of total symbols is a 
star-product of C°°(M r )[[h]]. Every operator of T r is of the form 

(38) n r>fe M /( ., fc) n r>fc + o(fc-°°) 

where f(.,k) is a symbol of S(M r ) and conversely. The map 

£:G~(M r )P]^G~(M r )p]] 

which sends the formal series ^fr 1 fi corresponding to the multiplicator f(.,k) into 
the total symbol of the operator is well defined. It is an equivalence of star- 

products. 
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Proof. As wc have seen in the previous proof, the composition of kernels of operators 
of T r corresponds in a orbifold chart to a composition on a manifold (cf. equation 
(|37|l ) . So the proof in the manifold case [Hj extends directly. Let us recall the main 
steps. We first prove that T r is a *-algebra and compute the product of the total 
symbols by applying the stationary phase lemma to the composition of the kernels. 
In the same way, we can compute the kernel of the operator (j38|l . since ILr t k belongs 
to T r by theorem 16.41 As a result of the computation, this operator belongs to 
T r and we obtain that the map E is an equivalence of star-product. From this wc 
deduce that conversely every operator of T r is of the form (|38|l . □ 



6.3. Spectral density of a Toeplitz operator. Let T& be a self-adjoint Tocplitz 
operator over M r . Denote by dk the dimension of TL r ,k and by E\ ^ Ei ^ ... ^ Ed k 
the eigenvalues of T^. The spectral density of T& is the measure of M 



Let / be a C°° function on E. We will estimate (/j,T k ,f)- The first step is to 
compute the operator /(Tj,). 

Theorem 6.7. If f is a C°° function on R 7 then f(Tk) is a Toeplitz operator. 
Furthermore if go is the principal symbol ofTk then /(.go) is the principal symbol 
of.f(Tk). 

The proof is similar to the manifold case (cf. proposition 12 of Now we have 

i=l 

By the previous theorem, it suffices to estimate the trace of a Toeplitz operator. 
Recall that 

TrT fe = / T k (x, x)8 Mr (x) 

Let us begin with the computation in a orbifold chart (\U\, U, G, ■ku)- Let r/ be a 
C°° function of M r whose support is included in \U\. It follows from assumption 
EH that 

r](x)T k (x,x)S Mr (x) = -rr^^iig^U) 



I 



where 

i(g,u) = [ m (x)(A g mdyT^ u (x,x)5 u (x). 

Ju 

Let U 9 be the fixed point set of g, 
(39) U 9 = {x e U; a g .x = x}. 

Assume that U 9 is connected. Then U 9 is Kiihler submanifold of U. Denote by 
d(g) its complex codimension. 

Let y S U 9 . a g : U — > U induces a linear transformation on the normal space 
N y = TyU/TyU 9 . It is a unitary map with eigenvalues 

on the unit circle and not equal to 1. Furthermore, A g acts on the fiber of at y 
by multiplication by c K (g), where c(<?) is on the unit circle. Since U 9 is connected, 
the complex numbers bi(g) and c(g) do not depend on y. 
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Lemma 6.8. The integral /(<?, U) admits an asymptotic expansion 

1(9, U) = (-) c(g)- k £ k- l Ii( 9 , U) + 0(fc-~). 

TVie first coefficient is given by 

fd(g) 

Vu(x)fo,u(x)S Us (x) 



Io(g,U)=(mi-b i (g))- 1 ) 



I Us 

where fo is the principal symbol of T\. and Sua is the Liouville measure of U 9 . 

Proof. Since \T^(x,y)\ is 0(k~°°) if x 7^ y, we can restrict the integral over a 
neighborhood of U s . Let y e U 9 . Let (w 1 ) be a system of complex coordinates of 
U centered at y. Since g is of finite order, we can linearize the action of a g . So we 
can assume that 

a g : (Wi)i=i,...,„ r -> (iui&i, ...jWd&^Wd+i, •■■' u v) 
To simplify the notations we denoted by d, bi the numbers g?(<?), bi{g). In the same 
way, we can choose a local holomorphic section of v , which doesn't vanish on 
a neighborhood of y and such that 

A g s r = c {g)s r 

Let H r be the function such that (s£, s£) = e~ KHr . Observe that H r (a g .x) = H r (x). 
Denote by t K the unitary section e KH / 2 s K . Introduce a function H r (x, y) defined on 
U 2 such that H r (x,x) = H r {x) and 

(0, Z).H r = and (Z, 0).H r = 

modulo 0(\x — y\°°) for every holomorphic vector field Z of U. Using that 

Vt K = -{dH - dH)®t K 
we compute the section of (|30|l (cf. [HI proposition 1]), and obtain 

T>(x,y) = (A) n - e -*(i(^(-)+^(»))-^(-*)) / ( a:)I , >A )iJ ! ( a; ) ® t ;\y) 
Consequently the integral I(g, U) is equal to 

( AyV fc (. g ) J e- k ^f(a g .x, x, k)5u(x) 

where 4> g (x) = H r (x) — H r (a g .x, x). We estimate it by applying the stationary phase 
lemma. (j) g vanishes along U 9 . Using that a*H r = H r , we obtain for i, j = 1, d, 

dw.fig = dw,4> g = d Wi d Wj 4> g = dw z d aj 4> g = 

along U 9 for i, j = 1, ...,d. Denote by H^j the second derivative d Wi dw j H r . Then 

dwidw^g = (1 - h)Hij 

along U 9 for i, j = 1, d. Furthermore 

Su(x) = det[H^ j ]i^i^,^ nr \dwidwi...dw nr dw nr \ 

which leads to the result. □ 



The next step is to patch together these local contributions. This involves a fam- 
ily of orbifolds associated to M r which appears also in the Riemann-Roch theorem 
or in the definition of orbifold cohomology groups (cf. the associated orbifold of 
|19| . the twisted sectors of [S], the inertia orbifold of HOI)- The description of these 
orbifolds in the general case is rather complicated. Here, M r is the quotient of P 
by a torus action, which simplifies the exposition (cf. the appendix of |15j ). 
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Consider the following set 

P = {(x,g) G P x T d ; l g .x = x} 

To each connected component C of P is associated a element g of T d and a support 
C C P such that C = C x {g}. C is a closed submanifold of P invariant with 
respect to the action of T d . The quotient 

F := C/T d 

is a compact orbifold, which embeds into M r . Since T d doesn't necessarily act effec- 
tively on G, F is not in general a reduced orbifold. Denote by m(F) its multiplicity. 

Let (x, g) £ C and denote by G the isotropy group of x. Let U C P be a slice 
at x of the T d -action. Let |[/| = p(U) and 7Tc7 be the projection U — > |t/|. Then 
(|/7|, J7, G, 7rc/) is an orbifold chart of M r . Introduce as in (55)1 the subset U 9 of t/ 
and assume it is connected. Then U 9 = U fl G. Let |C/ 9 | = p(U 9 ) and 7T[/ g be the 
projection [/» -> |{/»|. Then ( | [7 s | , [7 9 , G, 7rus ) is an orbifold chart of F. So I (g,U) 
in lemma 16.81 is given by an integral over F. Furthermore, since F is connected, 
there exists complex numbers 

bi(g,F), ...,b d(F) (g,F) and c{g,F) 

on the unit circle corresponding to the numbers defined locally, with d(F) the 
codimension of F in M r . Observe also that F inherits a Kahler structure. 

Denote by T the set 

T := {C/T d ; C x {g} is a component of P} 

For every Fef, let T d F be the set of g £ T d such that F = G/T d and C x {5} 
is a component of P. The point is that two components of P may have the same 
support. Since the set of components of P is finite, the various sets T and are 
finite. 

Theorem 6.9. Let T^ be a self-adjoint Toeplitz operator on M r with principal 
symbol <?o- Let f be a C°° function on K. Then (fJ-T k , f) admits an asymptotic 
expansion of the form 

E(£f ~ E C (. 9 ^)- fe Ert^.9)+o(fc-°°) 

Fer n S 6T£ 1=0 

where the coefficients li (F, g) are complex numbers. Furthermore 

i ( d(F) \ r 

/o(F ' 9) = MF) I II (! - ryr 1 J J f f(9o)S F 
where 5f is the Liouville measure of F. 

Remark 6.10. Each orbifold F £ T is the closure of a strata of M r (cf. appendix 
of 23)- For instance, M r itself belongs to T and is the closure of the principal 
stratum of M r . Note that = {0} and that the other suborbifolds of T have a 
positive codimension. So at first order, 

</^,/> = (^)"" J f(9o)S Mr +0(k^- 1 ). 

Remark 6.11. Riemann-Roch-Kawasaki theorem gives the dimension of Tt r ,k in 
terms of characteristic forms, when k is sufficiently large: 

_1 f Td(F)Ch(L*,F,g) 

IT 



dim Ti. r k = — ; — r / 
' ^^ m (F)J F 



D(N F ,g) 
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For the definition of these forms, we refer to theorem 3.3 of JH]- Let us compare 
this with the estimate of Tr(II fe ) given by theorem Ol First, Ch(L^,F,.g) G 0(F) 
is a twisted characteristic form associated to the pull-back of Ljf by the embedding 
F — > M r . At first order 

Ch(L k r ,F,g)=c(g,F) k ( — ) -J^+O^" 1 ) 
\2tt/ hf' 

where rip = n r — d(F) and u>f is the symplectic form of F. D(Np,g) is a twisted 
characteristic form associated to the normal bundle Np of the embedding F — ► M r , 

d(F) 

D{N F ,g) = IX (1 - h(g, F)) mod Q'^ 2 (F) 

Td(F) = 1 modulo 0*^ 2 (F) is the Todd form of F. Hence we recover the leading 
term Io(F,g) in thcorcm l6.9l □ 

Remark 6.12. (harmonic oscillator). We can describe explicitly the various term 
of theorem 16.91 and deduce theorem 12.31 Denote by V the set of greatest common 
divisors of the families (p,;), e / where I runs over the subsets of {1, n}. For every 
p £ P, define the subset I(p) of {f , n} 

I(p) := {i; p divides p.; } 

and the symplectic subspace C p of C ra 

C p := {z G C n ; Zi = if i$ I(p)}. 

Denote by M p the quotient of P fl C p by the S^-action. Then one can check the 
following facts: T = {M p ; p G V}, the multiplicity of M p is p, its complex dimension 
is #/(p) — 1. Furthermore, we have 

Si,, = {C e C*; C P = 1 and V* ^ /(p), C Pl + 1}, 

Note that the Sj^ are mutually disjoint. Theorem 12 .31 follows by using that 

G = \Jp e T>S Mp 

and if C G Sj^ , then c(C, A/ p ) = C and the bi(£, M p ) arc the C pi with i £ I(p). 

For example, if (pi,p 2 ,p3) = (2,4,3), then V = {1,2,4,3}. There are four 
supports: Mi = M r , which is 1-dimensional and M4, M3 which consist of one 
point. The subsets of S 1 associated to these supports are 

Si = {1}, S 1 , = {-1}, Si = {i, -i} and Si = {e ra/3 , e^ /3 }- □ 

7. The kernel of the Szego projector of M r 

In this section, we prove that the Szego projector H Tt k of the orbifold M r is a 
Fourier integral operator, which is the content of theorem l6.4l In the manifold case 
this result is a consequence of a theorem of Boutet dc Monvel and Sjostrand on the 
kernel of the Szego projector associated to the boundary of a strictly pseudoconvex 
domain [S]. We won't adapt the proof of Boutet de Monvel and Sjostrand. Instead 
we will deduce this result from the same result for the Szego projector of M, i.e. 
we will show that 

n fc ef^n^t eJ r . 

First we define the algebra !F\, that we introduced in section [3] for a free torus 
action. Then following an idea of Guillemin and Sternberg (cf. appendix of |13|k 
we prove that 11^,^ G T\. Then we relate the algebras T\ and T r as in theorem 
15. 101 and deduce theorem 16.41 To compare with section [SI the proof of theorem 15. 51 
was in reverse order, i.e. we showed that Tl r ,k £^=5" Tl\,k G T\. 
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Wc think that the ansatz we propose for the kernel of H,. yk is also valid for a 
general Kahler orbifold, not obtained by reduction. But here, it is easier and more 
natural to deduce this by reduction. 

7.1. The algebra T\. Since the T^-action is not necessarily free, we have to modify 
the definition of the algebra T\. We consider M as an orbifold and give local ansatz 
in orbifold charts as we did with the Tocplitz operators in scction l(3.2l 

Introduce as in remark an orbifold chart (\U\, U, G, ttu) of M r with the as- 
sociated orbifold chart (\V\, V, G, ny) of Pq. Denote by a g (rcsp. lg) the action of 
g G G (rcsp. 6 G T d ) on V. These actions both lift to L v := n v L K . We denote 
them by A g and Cg. 

Define the data (Ay, t 1 ^ ) corresponding to the data (A, t 1 ^) of section 1531 

Ay := {(0,O,it,0',O,it) G V 2 ; 9,6' G T d and u G U} 

t% v (6,0,u,6',0,u) := Ce-8'-z® z~ x if z G L vig , Qu) and z ^ 

Note that t% is well-defined because the T d -action on V is free. In the definition 
of an operator Tj, of T\, we will assume that the lift T k yy of its Schwartz kernel 
Tfe to V 2 satisfies 

Assumption 7.1. There exists a section T' k v of L v ML v k invariant with respect 
to the action of T d x T d and the diagonal action of G and of the form 

(40) Ti v {x,y)= (— ) Ei v {x,y)f(x,y,k)+0 0O (k-°°) 

on a neighborhood of Ay, where E^ v and f(.,k) satisfy the assumptions \£b\ i) 
and \2(\ ii) with (I\t£) = (Ay,t^ ), such that 

T k yy = Y,(A^ ld T T Lv 

The whole definition of an operator of T\ is the following. 
Definition 7.2. T\ is the set of operators (T&) with Schwartz kernel T k such that 

• n fc T fe fife = T k and Cg T k = T k Cg = T k , for all 8 G T d . 

• T k is oo (k~°°) on every compact set K C M 2 such that K n A = 

• T k satisfies assumption \7.1\ for every orbifold chart (\V\, V, G,Tty). 

By adapting the proof of theorem 15. 81 we define the symbol map. 

Proposition 7.3. There exists a map a : J-\ — * C°°(M r )[[h]] which is onto and 
whose kernel consists of smoothing operators. 

The following theorem will be proved in the next subsection. 
Theorem 7.4. Tl\ tk is an elliptic operator of T\. 

Remark 7.5. n^.fc is elliptic means that its principal symbol doesn't vanish. This 
implies that itself doesn't vanish when k is sufficiently large, so 7i\^ k is not 
reduced to (0) when k is large enough. This completes the proof of the Guillcmin- 
Sternberg theorem l3.3l in the orbifold case. □ 

In proposition 16. 51 wc defined the total symbol map a : T r — > C 00 (M T .)[[S]] and 
prove that its kernel consists of smoothing operators, without using that Tl r _ k G T r . 
We can now generalize theorem 15. 101 

Theorem 7.6. The map T\ — > T r which sends T k into \ k T& V£ is well-defined 
and bijective. Furthermore, the total symbols of T k G T\ and \ k T k Y k are the 
same. 
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The proof follows the same line as the proof of theorem 15.101 To every chart 
(\V\, V, G, ttv) of M is associated a chart (\U\, U, G, ttj/). Assumption 17.11 corre- 
sponds to assumption 16. 21 

As a corollary of this theorem, the total symbol map a : T r — > C°°(M r )[[ft]] is 
onto. Furthermore it follows from the stationary phase lemma that T r is a *-algcbra 
and the induced product * r on C°°(A/ r )[[fi,]] is a star-product. 

Let H r ,k be an operator of T r whose total symbol is the unit of (C°°(M r )[[7i]], * r ). 
Lemma 7.7. (W fc fl r ,k W* k ){V* k V*) = U x , k +R k where R k is 0(fc -o °). 

Proof. Since W£ V* k = LL^ and V* k W£ = II A , fe , we have 

w fc fi r . k w* k v* k Vfc = Wfc n r>k Vfc 

= Wfc n r , fe v fe v* k w* k 

By theorem l7.6l Vfc V£ = Vfc IiA,fc V k belongs to T T since El^ft belongs to T\. From 
the symbolic calculus of the operators of T r , it follows that 

nr,*(v fc vi) = (v fc v;) 

modulo an operator of T r whose total symbol vanishes. Applying again theorem 
17.61 we obtain that 

Wfc (n r ,fc ^ yd) = Wfc Vfc v* k 

modulo an operator of T\ whose total symbol vanishes. The left-hand side is equal 
to Wfc U r>k W^ V^. Vfc and the right-hand side to LT A ,fc. This proves l(77jl . □ 

Denote by (V^, Vfc) -1 the inverse of V^ Vfc on H\,h, that is 
n^fcO^V*)- 1 ^,* = (Vt.Vfc)" 1 and 

(vr,Vfc)(v^Vfc)- 1 = (v^v fe )- 1 (v^v fc ) = n A , fe . 

Lemma 17.71 implies that 

(41) (VI. Vfc) -1 = Wfcn^fcWl.-Rfc(V^Vfc)- 1 . 
By theorem 171)1 W fc n r ,feWfe belongs to T\. 

Lemma 7.8. R fe (VfcVfc) -1 is 0(fc -00 ). 

Proof Since W fe n r , fe Wfc belongs to J-\, its kernel is 0(k n ~i). So W fe n,,fc W^ 
is 0(k n -i). Using that R fe is 0(fc -o °), it follows from (gTJ that (VfcV fe ) -1 is 
0(k n ~i). □ 

We deduce from this that (V^ Vfc) -1 e T\. We have 

n,.fc = Vfc(VfcWfc) -1 Vfc. 

Consequently theorem 17.61 implies that II r .fc G T r . 

7.2. The projector n A ,fc. This section is devoted to the proof of theorem |QJ We 
use that Ilfc € T together with the following consequence of i|16|) 

(42) I[ X!k (x,x)= [ ((£ e ®Id)*Il k ){x,x)5 r 49). 

The only difficult point is to prove that Tl\,k satisfies assumption 17. II 
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Introduce an orbifold chart (\V\ , V, G, iry ) of M as in the previous section. Denote 
by Tl\,k,vv and Hk,vv the lifts of H\ ^ and 11^ to V 2 . Then 

Hx,h,vv(3L>v) = f ({CeMId)*IL k , vv )(v,v) 8 td (6). 

We know that 11^ S T . So Ilk y satisfies assumption ^. 2l for the orbifold M. Denote 
by Tl' k v an associated kernel such that 

n fe ,yy = J2( A a^ ld )*Kv- 
If we prove that 11^ k v given by 

(43) Jl' Xtky (v,v)= [ ((^HH)X,v)(«.«)M0)- 

satisfies (|4()|l . we are done. So the proof is locally reduced to the manifold case. 
Let us relate the section E^ v and E 1 ^ appearing in (|30|l and l|4U|) . Let 

s K : V -> L v 

be a holomorphic T^-invariant section which doesn't vanish. Introduce the real 
function H such that (s K ,s K )(v) = e - KH iv) and the unitary section t K = e KH ' 2 s K 
Let us write 

E1 v {v,v) = e~ K<t, ^ v h K (v)®t K (v), E1 v (v,v) = e'^^fiv) ® t K (v) 
So we have 

%,v{v,v) = (^) n e- k ^^f{v,v,k)t k (v)^t k (v)+0 oo (k-° o ). 

Assumption (|26l i) determines only the Taylor expansion of E£ along T. Hence, the 
functions <f>A and </>a are unique modulo a function which vanishes to any order 
along the associated Lagrangian manifold. 

Recall that we introduced a function ip in proposition 14.81 Let ip{v_, v) be a 
function such that such that <p(v, v) = ip(v) and 

Zip = Z.ip = 

modulo 0(\v — v\°°) for every holomorphic vector field Z of V. Here Zip (resp. Z.ip) 
denote the derivative of ip with respect to the vector field (Z, 0) of V 2 (resp. (0, Z)). 
We use the same notation in the following. 

Lemma 7.9. We can choose the junctions 4>a and <f>A in such a way that 

<Mfe v) = A (u, v) - tp(v, v) 

Proof. Recall that V = T d x l d x U 3 (9, t, u) = v. By proposition 14.81 we have 

(44) H(v) = H r (u) + (p(t,u) 

By reduction, U is endowed with a complex structure (cf. section l3~2^l . Introduce a 
function H r (u,u) such that H r (u,u) = H r {u) and 

ZH r = Z.H r = mod 0(\u - u\°°) 

for every holomorphic vector field Z of U. Then 

(45) MU,V) ~ \{H{v) + H{v))-H r {u,u) 

is a function associated to Ay. This is easily checked using that 

vt K = ^(Bh -dH)®t K 

Set H (u, v) = H r (u, u) + <p(v, v). In the same way we get that 
<t> A (v, v) := \(H{v) + H(v)) - H(v, v) 
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is a function associated to A 



v- 



□ 



Lemma 7.10. We have over V 2 



w Xjky (v, v) = ( ±.y \-^^) g (v, V , k)t k (v) ® t\ V ) + o^k-n 



where 



9(v,v,k)=(^) i [ e k ^ e '^f(8 + 8',t_,u,v,k)\d8'\ 




W is any neighborhood of in T d and </>(#', = <p(6 + 8' ,t,u,v). 
Proof. Since C* s t k = t k , fH?)) implies 




modulo Oo^fc -00 ). Replacing 6>' + 8 - 8 by 0', this leads to 




modulo O oc (k~ oc ). Since the imaginary part of <!>a is positive outside the diagonal 
of V 2 , we can restrict the integral over any neighborhood W of in T d . Now using 
lemma IT"§1 and the fact that cf>A is independent of 8 which appears in equation 145|l . 



To complete the proof of theorem 17.41 it suffices to prove that g(.,k) admits 
an asymptotic expansion in power of k for the C°° topology on a neighborhood 
Any 2 . We prove this by applying the stationary phase lemma [TSJ. So the result 
is a consequence of the following lemma. 

Lemma 7.11. Let (v ,vq) £ AnV^ 2 . Then the Hessian dg,<f> at (0,1^,, Vq) is a real 
definite positive matrix. Furthermore, on a neighborhood of (0, v , vq) in T d x V 2 , 



where the hij are C°° functions of 8' ,v,v. 

Before we prove this lemma, let us state some intermediate results. If h is a 
function of C°°(V) : we denote by ft, a function of C°°(V 2 ) such that h(v,v) = h(v) 
and 



for every holomorphic vector field Z of V . 

Denote by t l the coordinates of t = £ trf- Let us compute the derivatives 

of h with respect to the vector fields dgj = £,f and d t j = J^f acting on the left and 
the right respectively. 

Lemma 7.12. If h is T d -invariant, then 



we obtain the result. 



□ 



= EMde'^OV^) 



(46) 



Z.h = Z.h = mod 0(\v-v\°°) 



idgjh = d t jh = —idgjh = d t jh = mod 0(\v — i>|°°) 



where hj = dph. 



In particular, we obtain the following relations 
(47) 2%F = <5 y , 2d tj t i =5 ij , 2d l d i = -iS, 

modulo 0(\v — v\°°). 



2d e d l = i5 tj 
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Proof. Since [Z,dgj] (resp. [Z, d t j]) is a holomorphic vector field when Z is, the 
various derivatives we need to compute satisfy equations (|4(jf) . So we just have to 
compute their restriction to the diagonal of V 2 . To do this observe that 

(dh,dgj | („,„)= 0, (dh,d 93 - id tl )\ {v , v) = 

since dgj — id t j — £^ — i</£j is holomorphic. Furthermore 

(dh,dgj +dg?)\( ViV )= 0, (dh,dt, + %)!(„,„) = d v .h{v) 

since i>) = /i(v) and /i is T d -invariant. □ 

Proof of lemma \7.11\ Let us write <^(v) = ^^£*t J (fij(v) on a neighborhood of Wrj. 
Consequently, we have on a neighborhood of (vq,vq) 

(48) <P=&t j &j- 

It follows from equations i|47|) and proposition 14 . 1 Ul that 

dgidp<p(v , v ) = - ipij (v ) 

= -29(Zf,Zf)(vo). 

The first part of the lemma follows. By l|48|l there exists C°° functions hjj such 
that dgiip = Yj-^lj on a neighborhood of (v , v ). Derivating with respect to 8, we 
obtain 

h lj{ v o,v Q ) = -i<pij(vo). 
Hence it is an invertible matrix and there exists functions hfj such that t l = 
^h 2 jd g j(p on a neighborhood of (uo,^o)- By (|4*5|l . 

for some C°° functions ft.fj on a neighborhood of (t>o,wo)- The second part of the 
lemma follows. □ 
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